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Abstract. We consider sequences of metrics, gj, on a Riemannian manifold, M, 
which converge smoothly on compact sets away from a singular set S c M, to 
a metric, goo, on M \ 5. We prove theorems which describe when Mj = (M,gj) 
converge in the Gromov-Hausdorff sense to the metric completion, (Moo, do,), 
of (M \ S,goo)- To obtain these theorems, we study the intrinsic flat limits of the 
sequences. A new method, we call hemispherical embedding, is applied to obtain 
explicit estimates on the Gromov-Hausdorff and Intrinsic Flat distances between 
Riemannian manifolds with diffeomorphic subdomains. 



1. Introduction 

The purpose of this paper is to provide general results concerning the limits 
of Riemannian manifolds which converge smoothly away from a singular set as 
follows: 

Definition 1.1. We will say that a sequence of Riemannian metrics gj on a compact 
manifold M converges smoothly away from S <z M to a Riemannian metric goo on 
M \ S if for every compact set K cz M \ S , g j converge C'^'" smoothly to gco as 
tensors. 

The techniques developed in this paper will also be applied to other notions of 
smooth convergence away from singular sets in upcoming work of the first author, 
particular notions in which the sequence of manifolds need not be diffeomorphic. 
With any notion of smooth convergence away from a singular set, one must keep 
in mind that even when the singular set is an isolated point, smooth convergence 



away from that point does not even imply that (Moo, goo) is compact [Example 3. 1 1 1. 
Increasingly large distances may exist outside the compact sets used to define the 
smooth convergence. 

Given two compact Riemannian manifolds, M, , the Gromov-Hausdorff distance, 
dcniMi, M2), is an isometry invariant. Introduced by Gromov in IIGro99ll . it is 
a distance on compact metric spaces in the sense that dcHiMi , M2) = iff Mi 
is isometric to M2. When studying precompact domains within manifolds, one 
always takes the metric completion before examining the region using the Gromov- 
Hausdorff distance. Section |2] (see Definition 2.5 1. 
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Smooth Umits away from singular sets, depend on the charts and tensors gj used 
to define the smooth limit (c.f. Example |3.7| ). Thus it is important to understand 
when the metric completion, ?, of a smooth limit, Y = {M \ S,gco), is in fact actu- 
ally the Gromov-HausdorfF limit, (Mq, do), of the original sequence of manifolds, 
(Mj, dj), where dj is the Riemannian distance defined by the Riemannian metric 



gj.. Observe that these spaces need not be isometric (c.f. Example 3.1 1 and that the 



original sequence of manifolds might not even have a Gromov-HausdorfF limit (c.f. 



Example 3. 10 1. If M \ 5 is not connected there isn't even a notion of the metric 



completion as a single metric space (c.f. Example 3.4 1. 

Theorems relating Gromov-HausdorfF limits and smooth limits away from singu- 
lar sets appear in work of Anderson, Bando-Kasue-Nakajima, Eyssidieux-Guedj- 
Zeriahi, Huang, Ruan-Zhong, Sesum, Tian and Tosatti particularly in the setting 
of Kah l er Einst ein manifolds IIAnd89ll IIBKN89II IIEGZ09II IIHua09ll llRZll llSesOill 
l|Tia90ll l|Tos09 1. However, even in this setting, the relationship is not completely 
clear and the limits need not agree [Ban90J. 

In this paper, our primary goal is to examine when the metric completion, (Moo, doo), 
of the smooth limit, (M\S, goo), is isometric to the Gromov-HausdorfF limit, (Mq, do), 
of the original sequence of Riemannian manifolds {M,gj). We prove a number of 
theorems and present a number of examples considering manifolds with and with- 
out Ricci curvature bounds. Perhaps the most important result is the following: 

Theorem 1.2. Let Mi - {M,gi) be a sequence of oriented Riemannian manifolds 
with uniform lower Ricci curvature bounds, 

( 1 ) Riccig, ( V, V) > (n - I )H gi(V, V) V V e TMi 

which converges smoothly away from a singular set, S, of codimension two. If there 
is a connected precompact exhaustion, Wj, of M\S, 

CO 

(2) Wj c Wj+y with [JWj^M\S 

j=i 

satisfying 

(3) yolg^dWj) < Ao 
and 

(4) Volg,(M \ Wj) < Vj where Urn Vj - 

j^co 

then 

(5) limdGH{Mj,N)^0 

j^co 

where N is the metric completion of(M \S,gco)- 
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Note that, unlike prior existing results concerning the Gromov-Hausdorff lim- 
its of manifolds, here we require only area and volume controls on the connected 
precompact exhaustion. Theorem |1.2| is a consequence of Theorem 6.10[ stated 
within, which assumes only that the connected precompact exhaustion is uniformly 
well embedded in the sense of Definition 5. 1 The necessity of the various hypoth- 
esis of these theorems is described in Remark |6.13[ 

The Ricci curvature condition in these theorems may be replaced by a require- 
ment that the sequence of manifolds have a uniform linear contractibility function. 
See Definition |6.1 1 Theorem |6. 7 [and Theorem |6. 6 [ stated within. The necessity of 



the various hypothesis of these theorems is described in Remark 6.8 



Observe our main theorems concern sequences of manifolds converging smoothly 
away from a singular set satisfying Q and Q. In order to control the limits of such 
manifolds using only conditions on volumes, we apply techniques developed by the 
second author with Stefan Wenger in BSWIOII and HSWlll . In attempt to keep this 
article self contained, we review convergence of Riemannian manifolds in Sec- 
tion [2] We provide extensive examples in Section [3] All examples are proven in 
detail with short statements for easy reference. 

Our theorems are proven by studying the intrinsic flat limit of the manifolds 
[Definition 29 1. This Intinsic fiat distance, d-f-iMi, M2) was originally defined in 
work of the second author with Wenger BSWlll . It is estimated by explicitly con- 
structing a filling manifold, B'"'*'^, between the two given manifolds, finding the ex- 
cess boundary manifold A'" satisfying (20 1 and summing their volumes as in ( [2T] ). 
See Remark 2.8 for a straight forward construction. Since df depends only on 
the Riemannian manifolds, M,, as oriented metric spaces with a notion of integra- 
tion over m forms, we take settled completions rather metric completions of open 
domains when analyzing the intrinsic flat distance (see Definition 2.9 1. If two com- 
pletely settled oriented Riemannian manifolds. Mi and M2 have df{Mi, M2) = 
then there is an orientation preserving isometry between them nSWln . See Sec- 
tion |2]for a review of the intrinsic flat distance and related concepts. 

In Section|4]we prove new explicit estimates on the Gromov-HausdorfF, intrinsic 
flat and scalable intrinsic flat distances between pairs of manifolds which are diffeo- 
morphic on subdomains [Theorem |4.6[ . The subdomains need not be connected. 
These estimates are found by isometrically embedding the regions into a common 
metric space defined using a hemispherical construction [Proposition 4.2 1 and then 
measuring the Hausdorff, flat and scalable flat distances between their images re- 
spectively [Lemma 4.5 1. Note that the Hausdorff distance measures distances be- 
tween the images using tubular neighborhoods while the flat distance measures a 
filling volume between the images. These estimates have been applied in work of 
the second author with Dan Lee on questions concerning the Riemannian Penrose 
Inequality LLSarJ and in the first author's doctoral dissertation [LakJ . 
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In Section |5] we prove theorems concerning the intrinsic flat limits of manifolds 
which converge smoothly away from singular sets. In particular, we prove: 

Theorem 1.3. Let Mi - {M,gi) be a sequence of oriented Riemannian manifolds 
such that there is a closed subset, S, of codimension two and a connected precom- 
pact exhaustion, Wj, of M\S satisfying Q such that gj converge smoothly to goo 
on each Wj 

(6) diamM,(W^7) ^ Do V/ > j, 

(7) ^^olgXdWj) < Ao, 
and 

(8) yolgXM \ Wj) < Vj where lim Vj - 0. 
Then 

(9) limdr{M'N')^0. 
where N' is the settled completion of{M \ 5, goo)- 



This theorem is a consequence of Theorem |5.2| which assumes only that the 
connected precompact exhaustion is uniformly well embedded in the sense of Def- 
inition 15.11 We discuss the necessities of the conditions for these theorems in Re- 
mark|5.3| A key step in the proof is a technical proposition concerning the conver- 



gence of exhaustions of manifolds [Proposition 5.4 1. 

In Section |6] we apply the theorems regarding intrinsic flat limits to prove the 
theorems concerning Gromov-Hausdorff limits mentioned earlier. Note that the 
second author and Stefan Wenger have proven that the intrinsic flat and Gromov- 
Hausdorff limits of sequences of manifolds agree when the sequence has nonneg- 
ative Ricci curvature and the volume is bounded below uniformly BSWIOL These 



results are reviewed in Section |6| Theorem |1.3| then immediately implies Theo- 
rem [6?6] and Theorem 1 1 . 2| when H = 0. To obtain Theorem |1.2| for arbitrary values 



of H, we prove Proposition 6.12 



Applications of these results appear in joint work of the second author and Dan 
Lee concerning asymptotically flat rotationally symmetric Riemannian manifolds 
with positive scalar curvature that satisfy an almost equality in the Penrose inequal- 
ity BLSari We believe these results may also be applicable to open questions stated 
in ULSlll . The first author is examining further applications in his doctoral disser- 
tation. 

The authors would like to thank the Simons Center for Geometry and Physics for 
its hospitality. Attending the many interesting talks there made it clear that a paper 
clarifying the applications of the intrinsic flat convergence to understand smooth 
limits away from singular sets would be useful to mathematicians in a wide variety 
of subfields of geometric analysis. 
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2. Background 

All notions of distances between Riemannian manifolds studied in this paper 
are built upon Gromov's idea that one may view Riemannian manifolds as metric 
spaces and isometrically embed them into a common metric space. In this paper, a 
key part of our work relies on constructing such isometric embeddings. We review 



Gromov's key ideas in Subsection 2.1 



To estimate the Gromov-Hausdorff distance between a pair of Riemannian man- 
ifolds, one needs only find a pair of isometric embeddings : M"' Z into a com- 
mon complete metric space Z and then measure the Hausdorff distances between 
the images. We review the definition of the Hausdorff and Gromov-Hausdorff in 
Subsection l2.2l 

To estimate the Sormani-Wenger intrinsic flat distance one must measure the fiat 
distance between these images. So one may construct a Riemannian manifold of 
one dimension higher filling in the space between the two images, possible with 
some excess boundary. Note that one can only measure the intrinsic flat distance 
between oriented manifolds with finite volume of the same dimension. See Sub- 
section |23] 

The scalable intrinsic flat distance is also defined using filling manifolds and 
excess boundaries. It is reviewed in Subsection l2.4l 



Remarks 2.3 2.6 2.8 and 2. 11 [capture the key properties of these three notions 



of distance needed to estimate them for the purposes of this paper. 
2.1. Metric Spaces and Isometric Embeddings. 

Definition 2.1. Recall that one may view a Riemannian manifold (M, g) as a metric 
space (M, d) by defining the distances between points as follows: 

(10) d{xy,X2) = mf[Lg{y) : r(0) = x,, y{\) = X2] 
where 

(11) Lg{y)= r g{y'{t),y\t))'l^dt 

Jo 

Given a connected subdomain, W <z M, and x,y ^ W, the "restricted metric", 
dM{x, y), will denote the distance between x and y measured as in ( |iOp where the 
infimum taken over all curves y : [0, 1] M, while the "induced length metric", 
<iiy(x,y) > (iM(x,y), has the infimum taken only over curves y : [0, 1] — > W. We 
denote the restricted and intrinsic length diameters ofU <zW <z M as follows 

(12) di&mMiU) - s\ip{dM{x,y) '. x,yel]} 

(13) diamw(?/) - ?<vtp{d'w{x,y) : x,yeU] 

More generally a length metric space is a metric space whose distances are de- 
fined as an infimum of lengths of rectifiable curves. Compact length metric spaces 
always have minimizing geodesies between points achieving the distance. 



6 



SAJJAD LAKZIAN AND CHRISTINA SORMANI 



In this paper we will often define metric spaces, Z, by gluing together Riemann- 
ian manifolds with comers along their boundaries. In this way we may still apply 



(10 1 to define the distances between points. Again, for connected subdomains. 



W c Z, one has both an induced length metric, dw, and a restricted distance 



dz < dw just as in Definition 2.1 



Definition 2.2. An isometric embedding tp : X ^ Z is a distance preserving map 

(14) dz{ip{x]),ip{x2)) = dx{xi,X2) Vxi,X2 e X 

One should be aware that a Riemannian isometric embedding defined by the 
fact that dip is an isometry on the tangent spaces at each point, is not necessarily 
an isometric embedding. For example, the natural embedding of the sphere into 
Euclidean space is not an isometric embedding with the standard metric on the 
sphere. See Figure[T] 




Figure 1. in the center isometrically embeds into 5" on the 
right, but does not isometrically embed into on the left. 



Remark 2.3. Suppose two manifolds, M, have diffeomorphic subdomains, Ui, then 
a filling manifold can be constructed of the form U X [/ii,/j2] with a well chosen 
metric g' so that Mi isometrically embed into 

(15) Z-Mi U([/X[/Ii,/12])UM2. 

Here Z is glued together so that Ui is identified point to point with U X {hi). A 
precise way of choosing such a g' will be given in Theorem 4.6 See Figure^ 



2.2. The Gromov-Hausdorff Distance. The Gromov-Hausdorff distance between 
a pair of Riemannian manifolds is estimated by taking isometric embeddings into a 
common metric space Z and measuring the Hausdorff distance between them. This 
distance was introduced by Gromov in ||Gro99i It is defined on pairs of metric 
spaces. 



SMOOTH CONVERGENCE AWAY FROM SINGULAR SETS 7 

Definition 2.4 (Hausdorff). Given two subsets Fi, 72 c Z, the Hausdorff distance 
is defined 

(16) djjiYu Y2) = inf {r : c 7,(72) awt/ ^2 c r,(7i)) 

w/iere 7,(7) ^ |z € Z : 3y e Y s.t. d{y, z) < r}. 

One may immediately observe that the topology and dimension of subsets which 
are close in the Hausdorff sense can be quite different. 

Definition 2.5 (Gromov). Given a pair of metric spaces (Xi,d\) and {X2,d2), the 
Gromov-Hausdorff distance between them is 



(17) 



dGH{XuX2) = inf {4(^1 (Xi), ^2(^2)) : ^; : X; ^ z) 



where the infimum is taken over all common metric spaces, Z, and all isometric 
embeddings, ipi : X, Z. 




Figure 2. Mi and M2 depicted on the left and the right isometri- 



cally embed into Z in the center. See Remarks 2.3 and 2.6 



Remark 2.6. In Figure^depicting Remark 2.3 we see that 



(18) 



dGHiMl,M2) < dfjiipi{Mi),ip2iM2)) 



which is roughly the length of a curve from the tip of the bump in Mi running back 
within (p{Mi) c Z to the warped region U X [/ji,/j2] and then straight up to M2. 



Later in this paper Theorem 



4.6\we will find a precise description of the metric on 



the metric space Z of Figure 2] 



Gromov proved in ||Gro99ll that this a distance between compact metric spaces, 
in the sense that dGH(Xi,X2) = iff Xi and X2 are isometric. In general one takes 
the metric completion, X, of a precompact space, X, before discussing it's Gromov- 
Hausdorff distance and we will do the same here. Recall that the metric completion 
is defined as follows: 
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Definition 2.7. Given a precompact metric space, X, the metric completion, X of 
X is the space ofCauchy sequences, [xj), in X with the metric 

(19) d{{xj\, [yj]) = lim dx{xj,yj) 

and where two Cauchy sequences are identified if the distance between them is 0. 
There is an isometric embedding, (f : X ^ X, defined by (p{x) - {x} where {x] is 
a constant sequence. Lipschitz functions, F : X ^ Y, extend to F : X ^ Y via 
F{{xj}) = lirtij^oo Fi^j) CIS long as Y is complete. 

Gromov's compactness theorem states that a sequence of Riemannian manifolds 
M"' with a uniform lower bound on Ricci curvature have a subsequence which 
converges in the Gromov-Hausdorff sense. More generally one may replace the 
Ricci curvature bound with a bound on the number, N{r), of disjoint balls of radius, 
r, that can be placed in a metric space, X. That is, a sequence of metric spaces Xj 
with a uniform bound on N{r) for all r sufficiently small, has a subsequence which 
converges in the Gromov-Hausdorff sense to a compact limit space X. Conversely, 
if dcniXj, X) 0, then there is a uniform bound on N{r). ||Gro991 . 

2.3. The Intrinsic Flat Distance. To estimate the intrinsic flat distance between a 
pair of oriented Riemannian manifolds one again needs only find a pair of isometric 
embeddings, tpi : M!" — > Z, into a common complete metric space, Z. When 
one finds a filling submanifold, B'"^^ c Z, and an excess boundary submanifold, 
A'" c Z, such that 

(20) I (jj- \ 0) = \ dco + I 0), 

then the intrinsic flat distance is bounded by 

(21) J^(Mf , M™) < Vol„,(A'") + VoU+i(B'"+i). 

Generally the filling manifold and excess boundary can have corners and more than 
one connected component. See Figure [7] 

Remark 2.8. In Figure^depicting Remark 2.3 we have Mj isometrically embed- 
ded into a well chosen metric space 

(22) Z - Ml U ([/ X [/ji , h2\) U M2. 



Applying (20) to 

(23) B^Ux[hi,h2] 
we see that the excess boundary 

(24) A = {Mi\ Ui) U {dU X [hM) U (M2 \ U2). 



SMOOTH CONVERGENCE AWAY FROM SINGULAR SETS 



9 



Then 



driMi,M2) < Vol™(Mi\[/i) + VoUM2\t/2) + VoU5[/x[/ji,/j2]) 



An explicit construction of the metric g' on U x [hi,h2] in Theorem 4.6 allows one 
to precisely estimate the volume ofUx [h[,h2] and dU x [hi,h2]. 

To understand limits of sequences of Riemannian manifolds, the intrinsic flat dis- 
tance was defined on a larger class of metric spaces called integral current spaces in 
ISWll]. An integral current space, {X, d, T), is a metric space, X, with a metric, d, 
and an integral current structure, T, such that set(T) - X. An oriented Riemannian 



manifold, {M,g), of finite volume, has a metric, dM, defined as in Definition 2.1 
and an integral current structure, T, acting on m dimensional differential forms, a> 
as 



(25) T{oj) ^ [ oj. 

JM 

More generally, the integral current structure, T, of an integral current space, (X, d, T), 
is an m dimensional integral current T e Im(X) defined as in Ambrosio-Kirchheim's 
work HAKOOL The integral current structure T provides both an orientation and a 
measure called the mass measure denoted ||r|| and set(T) is the set of positive lower 
density for this measure. On a oriented Riemannian manifold, the mass measure 
is just the Lebesgue measure. More generally the mass measure can have integer 
valued weights. 

If {M"\g) is a Riemannian manifold with singularities on a subset S and the 
Hausdorff measure, 'THmiS) = 0, then one obtains a corresponding integral current 
space by taking the settled completion of M \ S defined as follows: 

Definition 2.9. HSWlll The settled completion, X', of a metric space X with a mea- 
sure p is the collection of points x in the metric completion X which have positive 
lower density: 

(26) liminfpiB p{r))//" >0. 

r— ►() 

The resulting space is then "completely settled". 

If a manifold has only point singularities, one includes all conical tips and does 
not include cusp tips in a manifold with point singularities. See Figure [3] This is 
natural because the essential property of an integral current space is its integration 
and points of lower density do not contribute to that integration. In fact integral 
current spaces are completely settled with respect to the mass measure, ||r||, as a 
consequence of the requirement that set(T) = X. 

The mass of an integral current space, M{T), is a weighted volume of sorts which 
takes into account the integer valued Borel weight defining the current structure on 
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Figure 3. The completion, X includes the boundary and fills in the 
three "holes" and the settled completion, X' , removes the cusped 
singularity but keeps the boundary, cone tip and smoothly filled 
hole. 



the space. When the integral current space is an oriented Riemannian manifold then 
its mass is just its volume, M(M) - Vol(M). 

The boundary of an integral current space is defined 

(27) d{X, d, T) = (set(5T), d, 5T) 

where dT is the boundary of the integral current defined as in BAKOOI so that it 
satisfies Stoke's Theorem. When M is a Riemannian manifold, its boundary is just 
the usual boundary, dM. 

The fiat distance between two integral currents is defined as in IIFF60II 

(28) dpiTi , T2) = inf [M(B'"+1) + M(A'") : Ti-T2=A + dB]. 
That is Tiioj) - Tjioj) = A{a>) + dB{co) = A{a>) + B{daj). 

Definition 2.10 (Sormani-Wenger). The intrinsic flat distance between integral 
current spaces is defined in HSWlll as 

(29) dr{{Xy,duTy),{X2,d2,T2)) = inf {4(^i#ri,^2#r2); iPi : X,- ^ z) 

where the infimum is taken over all common complete metric spaces, Z, and all 
isometric embeddings (fi . Xi ^ Z and where (p# is the push forward map on 
integral currents. 

If one constructs a specific Z and isometric embeddings ipi : M, Z, then one 
needs only estimate the flat distance between the images to obtain an upper bound 



for the infimum in ( 29 1. An explicit filling manifold B satisfying ( 20 1, then provides 



an upper bound on the infimum in ( 28 1. This is how one obtains the estimate in ( [21] ). 
See also Remark ITSl 

In BSWllfl it is proven that this is a distance between precompact integral cur- 
rent spaces in the sense that df{{X\,d\, Ti), (X2, d2, T2)) = iff there is a current 
preserving isometry from Xi to X2. When the integral current spaces are oriented 
manifolds, then there is an orientation preserving isometry. 
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Note that all integral current spaces are metric spaces but they need not be length 



spaces. As will be seen in Example 3.4 a sequence of connected Riemannian man- 
ifolds may converge in the intrinsic flat sense to an integral current space which 
has broken apart due to the development of a cusp singularity. So the limit is not a 
length metric space. 

In HSWlll it is proven that if {M,gj) converge smoothly to {M,goo) then they 
converge in the intrinsic flat sense. In fact, precise estimates on the intrinsic flat 
distance are given in terms of the Lipschitz distance, the diameters and the volumes 
of the spaces. The bounds are found using geometric measure theory. Here we pro- 
vide a new estimate relating the intrinsic flat and Lipschitz distances by explicitly 



constructing a filling manifold between them [Lemma 4.5 1. 

In |SW11| it was proven that if a sequence of oriented Riemannian manifolds 
with a uniform upper bound on their volumes and volumes of their boundaries 
converges in the Gromov-Hausdorff sense to a compact metric space {Y, d), then 
a subsequence converges in the intrinsic flat sense to {X, d, T) where X c F and 



the metric d is restricted from Y. In Example 3.4 we see that this may be a proper 
subset. In fact the Intrinsic flat limit may be the (0, 0, 0) integral current space if 
(7, d) has a lower dimension than the manifolds in the sequence fSWlll. 

In ISWIOI two theorems were proven indicating when the intrinsic flat limit and 
the Gromov-Hausdorff limits agree. These theorems will be reviewed later in the 
paper as they are applied. We will also apply the techniques in their proofs to prove 
Theorem [Ol 

2.4. The Scalable Intrinsic Flat Distance. The scalable intrinsic flat distance was 
suggested as a notion in work of the second author with Dan Lee BLSllI following 
a recommendation of Lars Andersson. It is defined to scale with distance when the 
Riemannian manifolds are rescaled. In particular, 

(30) dsr{M^, M-) < (VoUCA-))!/'" + (VoWKB-^i))'^^"^'^ 

whenever there exist isometric embeddings, ^, : MJ" Z, into a common complete 
metric space, Z, and one finds a filling submanifold, 6"'+^ c Z, and an excess 
boundary submanifold. A'" c Z, satisfying (pOb. 



Remark 2.11. In the setting of Remark \2. 8\ depicted in Figure^we see that 
d^riMxMi) < VoWi([/x[0,/j],/)^/('"+') 

+ (Vol,„(Mi \ Vy) + Vol,„(M2 \ U2) + VoUdU X [huh2],g'))""' . 
More precisely: 

Definition 2.12. The scalable intrinsic flat distance between integral current spaces 
is defined as 

(31) d,r{{X,,d,,T,),{X2,d2,T2)) = ini[d^^p{ipuTu^2#T2); m : X,- ^ z) 
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where the infimum is taken over all common complete metric spaces, Z, and all 
isometric embeddings ifi : Xi ^ Z and where (p# is the push forward map on inte- 
gral currents and where the scalable flat distance between m dimensional integral 
currents is defined by 

(32) dsF{Ti,T2) = inf [M(B)^'^'"+^^ + M(A)'/'" : Ti - T2 = A + dB] 
This distance is being studied in more detail in work of Jorge Basilio iBasl . 



3. Examples 

The following examples are presented to indicate how little control one may have 
on limits of manifolds which converge smoothly away from singular sets and to 
prove the necessity of the conditions in our theorems. The proofs of these examples 
will sometimes rely on our theorems proven below but we include them up front so 
that they can be kept in mind when reading the remainder of the paper. 

3.1. Losing a Region. 

Example 3.1. There are metrics, gj, on the sphere, M^, such that (M^,gj) converge 
smoothly away from S - Bpg{jT/\6), such that the metric completion of the smooth 
limit away from S is \ Bp^in/ 16), the standard round sphere {S^,go) with a ball 
removed. The smooth limit of without the singular set removed is the entire 
round sphere and this agrees with the intrinsic flat and Gromov-Hausdorjf limits 



(c.f Lemma 4.5). 



Proof. Taking the metrics, gj = go, we have a constant sequence of standard 
spheres. So the intrinsic flat and Gromov-Hausdorff limits are clearly the standard 
sphere. Furthermore {gj,M \ S) clearly converges to {go,M \ Bp^{nll6)) whose 
metric completion is {gQ, M \ Bp^in/ 16)). □ 

3.2. Cones and Cusps. 

Example 3.2. There are metrics gj on the sphere such that {M^ ,gj) converge 
smoothly away from a point singularity S - {po ) and the metrics gjform a conical 
singularity at pQ. The Gromov-Hausdorff and intrinsic flat limits agree with the 
metric completion of{M \S,goo) which is the sphere including the conical tip. 

Proof. More precisely the metrics gj are defined by 

(33) gj = dr^ + f}{r)gs2 for r€[0,n] 

where fj{r) = {11 j) sin(r) + (1 - l/j)fir) in which, /(r) is a smooth function such 
that: 



(34) 



f(r) = sin(r)for re [0,7r/2], 
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and, 

(35) /(r) = - - (r - tt) for r e [37r/4, n] . 

n 

For any 5 > 0, fj converge to / smoothly on [0, n - 5\. Thus gj converge smoothly 
on compact subsets of M \ 5 to 

(36) go. = d?^f\r)gsi. 

The metric completion of (M \S,gaa) then adds in a single point p^dXr = n. Since 

(37) lim inf/i(Bp„ (r))/r3 - A^o^C'^') = ^ > 0' 

the point, po, is also included in the settled completion of (M \S,goa). To complete 
the proof of the claim we could apply Theorem |1 .31 □ 

Example 3.3. There are metrics gj on the sphere such that (M^,gj) converge 
smoothly away from a point singularity S - {po) and the metrics gj form a cusp 
singularity at pQ. The Gromov-Hausdorff agree with the metric completion of{M \ 
S,goo) which is the sphere including the cusped tip. However the intrinsic flat limit 
of {M \ S,goo) does not include the cusped tip because it has density. So the 
intrinsic flat limit is the settled completion of (M \ S,gco) which in this case is 
(M\ 5,^00) 

Proof. More precisely the metrics gj are defined by 

(38) gj = dr^+ff{r)gs2foTre[0,n] 

where fj{r) = (l/j) sin(r) + (1 - 1/j) fir) in which, /(r) is a smooth function such 
that: 

(39) fir) = sin(r) for r e [0, n/l], 
and, 

(40) fir) = ^ir- 7r)2 for r e [37r/4, n] . 

For any 5 > 0, fj converge to / smoothly on [0, n - S\. Thus gj converge smoothly 
on compact subsets of M \ 5 to 

(41) go.=dr^^f\r)gsi. 

The metric completion of (M \S,gao) then adds in a single point p^dXr = n. Since 

(42) liminf /i(B„„(r))/r^ = liminf ^r^voliS'^) = 0, 

the point, p^, is not included in the settled completion of (M \ 5,goo)- 

This Gromov-Hausdorff and Intrinsic Flat limits in this example were proven to 
be as claimed in the Appendix of HSWllL One may also apply Theorem 4.6 to 



reprove this. □ 



14 



SAJJAD LAKZIAN AND CHRISTINA SORMANI 



3.3. Not Connected. 

Example 3.4. There are smooth metrics gi on the sphere, M^, converging smoothly 
away from the equator, S, such that the equator pinches to 0. Then (M^ \ S,gi) has 
two components, each converging to a standard sphere with a point removed. The 
metric completion of each of the two disjoint metric spaces is a standard sphere. 
However the Gromov-Hausdorjf limit is a pair of spheres joined at a point singu- 
larity. So we see why connectedness of the singular set is a necessary condition in 



Theorem 5.2 Here the singular set is codimension 1. 



Remark 3.5. In upcoming work of the first author IILakll . appropriate gluings of 
disjoint metric spaces are taken to recover the Gromov-Hausdorjf limit when M\S 
is not connected. 

Proof. We take the sequence of metrics 

(43) gi = dr" + ff{r)gs2 

where f = j sin(r) + ^| sin(2r)| . These are smooth metrics for r € [0, n] because 
fi{r) > Ofor r e (0,7r), ' 

(44) ^.(o, = l,*_li) = ,, 

(45) = 

I 2i 

and ^"(0) = f"(^) = 0. As / oo, gj converge smoothly away from r~'(7r/2) to 

, sin^(2r) 

(46) ^oo - dr^ + -^-^gs2 

which is a metiic on a pair of spheres, each with a point removed. The metric 
completion keeps the pair of spheres disjoint, endowing each with its own point of 
completion. 

The Gromov-Hausdorff and intrinsic flat limits however are a connected pair 
of spheres joined at point which creates a conical singularity. This can be seen 
because in fact the distances di defined on M, using gj are in fact converging in the 
Lipschitz sense to dco defined using the infimum of lengths. Loo, of curves between 
points where 



(47) Leo(C)- r goo{C'{s),C'{s)y''ds. 

Jo 

Taking Wj = r~^[0, n/l - 1 / j] U r^^[K/2 + I/7, tt], then we have smooth conver- 
gence on Wj. The uniform embeddedness constants converge to 0. Both Vol^.(y \ 
Wj) < Vj with Vj and Vol^.(5Wy) < Aj with Aj 0. So we only fail the 
connectedness hypothesis of this theorem. □ 
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3.4. Bubbling. 

Example 3.6. There are smooth metric gi on the sphere, converging smoothly 
away from the singular set S = {pq} to a sphere. Yet (M^,gi) converge in the 
Gromov-Hausdorff and intrinsic flat sense to a pair of spheres meeting at pQ. See 
Figure^ 




Figure 4. Example 3.6 



Proof. Let 

(48) gi = h^{r)dr^ + f^{r)gs2 
where 

(49) hi{r) = 2 on r e [0, a,] 

(50) fir) - sin(r) on re [0, a,] 
(51) 

where a/ = jt - n/(lOi) so that gi converges smoothly away from S to the round 
metric gco on the sphere. The metric completion of (M \ 5,^00) is the round sphere. 
Now we set 

(52) hi{r) = lOi on r€[bi,n] 

(53) /i(r) - sin((r - ;r)/(100) on re[bi,n] 
(54) 

where bi = n - {n - 7r/(10/))/(10/) so there is symmetry and extend them smoothly 
for r € [a,-, bi] so that 

(55) hi(ai) = 2< hiir) < 10/ = hi{bi) 
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and 

(56) 0</;(r)<max|/;(flO,m))- 

These thin regions are converging to a single point. So the Gromov-Hausdorff limit 
of (M, gi) is a pair of standard spheres joined at a point and the intrinsic flat limit is 
the same. The smooth limit away from 5 missed the second sphere ! □ 

3.5. Losing Volume in the Limit. 

Example 3.7. There are (M^,gi) all isometric to the standard sphere which con- 
verge smoothly away from a singular set S = {po] to (M \ 5, goo) which is isometric 
to an open hemisphere. The metric completion agrees with the settled completion, 
{Moo,doo) which is isometric to a closed hemisphere. The singular set is codi- 
mension 2 in M. This example satisfied all the conditions of all of our Theorems 
concerning smooth convergence away from singular sets except Vol(M \ Wj) < Vj 
where limj_>oo Vj = 0. 

Proof. Again we view = 5^ as a warped product with a warping function 
r € [0,n], such that r{po) - n. Let 



(57) gi = ih'.{r)fdt^ + sm\hi{r))gs2 
where /i,(r) is a smooth increasing function such that 

(58) hi{r) - r{n/2)/{jT - nl{2i)) for r e [0, tt - 1 //] 

(59) hi{r) = n-{r- n){l I {2i)){n - 1/(2/)) for re[n- l/(2/),7r]. 



Then the diffeomorphism which maps r ^ s - hi{r) is an isometry from {M^,gi) 

to(53,g53). 

On any compact set iir c M \ S, there exists a j sufficiently large that K c 
r~^ [0, ;r - 1/ j]. Taking j — > oo we see that on K, hi(r) — > r/2 and gi converge to 

(60) goo = (1/2)W + sm\r/2)gs2. 

Thus (M \ S,gco) is isometric to an open hemisphere via the isometry which maps 
r s - r/2. The metric completion is then the closed hemisphere and the settled 
completion agrees with the metric completion because every point in the closed 
hemisphere has positive lower density. 
Setting Wj -r~^[0,7:- l/j], we see that 

(61) Yolg.(dWj) < An. 

Clearly the diameter, volume, Ricci curvature and contractibility conditions all hold 
because the sequence of (M, gj) are all isometric to spheres. However 

(62) lim VoL. (M \ W,) > Vol(5 ^) /2. 

I— >co 

□ 
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3.6. Unbounded Volumes. 

Example 3.8. There are metrics gi on the sphere with nonnegative Ricci cur- 
vature such that {M^ ,gi) converge smoothly away from a point singularity S = {po} 
to a complete noncompact manifold; In particular, converging to a hemisphere at- 
tached to a cylinder of length k on the r~^[0, n— l/k) region. This example satisfies 
all the hypothesis of Theorem 1.2 except (|?]). 

Proof. For any L € R. large enough, define the warped metric gi on [0, L] x 5 ^ as 
follows: 

(63) gL{t) = dt' + {fL{t)fgsi 
where, 

(64) /l(0 = sin(0 for t e [0,7r/2] 

(65) fdt) - 1 for f € [7r/2 + 1/100, t-n/2- 1/100] 

(66) flit) = sin(7r + t - L) for te[L- jt/2, L] 

and flit) smooth with /l"(0 < elsewhere. We will be calling gi, the double 
torpedo metric (it is comprised of two torpedo metrics glued together from their 
cylindrical ends.) For any L, gi has nonnegative Ricci curvature. 
Let (f> : [0, tt] [0, oo) be a smooth increasing function such that 

(67) (p{r) = r for r e [0,;r/2] 
with 

(68) hm (f){r) ^ oo 

r—>n 

For j > 2, let 4>j{r) : [0,7r] U^,Lj = j + ^/2 + 1] be a smooth increasing 
function such that 

(69) c/>j{r) = cf>{r) for r € [0, 0" ^ (j + 7r/2)] , 
and 

(70) (pM) = j + f ~ + 1 for r near n. 

Again, we view = S ^ as a warped product with a warping function r e [0, n], 
such that r(po) - ^- Let 

(71) gjir) = 4>* (gL^) = (<(>'j(r)fdr^ + (fL^f i<Pj(r))gs2 

Then the diffeomorphism is an isometry from {M^,gj) to {S^,gLj)- On any 
compact set K cz M \ S , there exists a k sufficiently large that K cz r~^[0,K - l/k]. 
Taking j — > oo we see that on K, gj converge to 

(72) goo = {cp'{r)fdr^ + f\(t>{r))gs^- 
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where, 
(73) 

fir) = sin(r) for r € [0,n/2 - 1/100] and f(r) = 1 for r e [n/l + 1/100, oo) 

which is a hemisphere smoothly attached to a cylinder of length k. 

If we take Wj = r-\[0, n - 1/ j)) then, we see that, No\g^{Wj) and Volj,(M \ Wj) 
are unbounded. {M\S,goo) is complete hence coincides with the metric completion. 
Since {M\S,gco) is noncompact , {M^,gj) does not have Gromov - Hausdorff limit. 
Also since the volume is not finite, there is no intrinsic flat limit either. 

Nevertheless, this example has No\{dWj) < 4n and Wj are uniformly embed- 
ded, the sequence has nonnegative Ricci curvature and a uniform contractibility 
function, p{r) = r for r € (0, ji/2]. □ 

3.7. Spheres with SpUnes. The following examples are based upon examples in 

nswiii . 

Example 3.9. There are metrics gi on the sphere such that {M^ ,gi) converge 
smoothly away from a point singularity S = {po] yet we have a single spline of finite 
length, L, becoming thinner and thinner so that the Gromov-Hausdorjf limit is not 
the sphere while the intrinsic flat limit is just the sphere. The metric completion of 
{M \ S,goo) is also the sphere in this example. 

A version of this example with positive scalar curvature will be given in ULakl . 

Proof. More precisely the metrics gi are defined by 

(74) gi = hiirfdr" + ff{r)gs2 for r e [0, tt] 
where fir) = sin(r) and 

f / 1 \2 ^ 

(75) hiir) ^ 1 + / exp 



X\ 2 

7T- - 



Observe that on r"^[0, tt - 1/j) we have /i,(r) - 1 for / > 2j. So gi converge 
smoothly away from pQ to the standard metric on a sphere, ^oo- The metric and 
settled completions of (M \ {pQ},gao) are both the standard sphere. 

We will refer to A^, = r"^(7r - 2//, 0] with the metric gi as a spline. Observe that 

(76) diamg,(M^) > f /j,(r) dr = n-2li + L+\ /i 

Jo 

where L is the length of the spline: 

(77) L = hi{r)dr 

Jn-2/i 

(78) = r^i/(4"("-'»^« 

Jo 
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Since the diameter of the Gromov-HausdorfF Umit, when it exists, is the hmit of the 
diameters of the sequence, we see that the Gromov-Hausdorff Umit is not metric 
completion in this case. We will not provide an explicit proof that the Gromov- 
HausdorfF limit is in fact the sphere iwth a line segment of length D attached at 
Po- 

Now taking Wj = r-\[0,n- 1/(2 j)]), we see that 

(79) diamM,(W^;) < ^ for / > j, 

(80) Vol(M,) < Vol(5^go) + sin(l/(20)L < Vq 



(81) Yolg_{dWj) < Anl 

(82) Vol,,(M \ Wj) < n{ 1 l{2jf) + n sm{2/jfL < Vj 



where limj^oo Vj = 0. By Theorem 1.3 we have the intrinsic flat limit is settled 



metric completion which is the sphere. This example has no uniform lower bound 
on Ricci curvature nor a uniform contractibility function so it demonstrates the 
necessities of these conditions in all of our theorems which require them to prove 
the Gromov-HausdorfF limit exists and is the metric completion of (M \ S,gco)- □ 

Example 3.10. There are metrics gi on the sphere with uniformly bounded 
diameter and volume such that {M^,gi) converge smoothly away from a point sin- 
gularity S - {po) and we have increasingly many splines of length L whose total 
volume goes to based in smaller and smaller neighborhoods of S . The metric 
completion of {M \ S,goo) is the round sphere. This is also the intrinsic flat limit. 
The Gromov-Hausdorff limit, however, does not exist since the number of balls of 
radius L/2 diverges to infinity. 

A version of this example with positive scalar curvature will be given in ULaki 

Proof. Let (M, gi) be created by taking the standard sphere of radius 1 and remov- 
ing / pairwise disjoint balls of radius 2/i^ from the ball of radius 2/i about po. Re- 
place each of those balls with a spline, Np from the previous example. Each spline 
has length L as in the previous example, so there are / balls of radius L/2 centered 
at the tips of the splines. By Gromov's Compactness Theorem's Converse, there is 
no subsequence converging in the Gromov-HausdorfF sense. 
However, diam(M, gi) < n + 2L. 

Each {M,gi) is diffeomorphic to 5^, via the identity map outside of the splines 
and via the difFeomorphism from each spline to the ball it has replaced. Taking any 
precompact set c 5^, such that po ^ W, we can take / sufficiently large that 
W n Spq(2/) = 0, so that gi is then the standard metric on Wi. So we see that (M, gi) 
converges smoothly to a standard sphere with pQ removed. The metric and settled 
completions are one again the standard sphere. 



20 



SAJJAD LAKZIAN AND CHRISTINA SORMANI 



Let Wy = 5^ \ Bpg(2j) where the ball is measured using the standard metric on 
so that for j > i there are no splines within iWj,gi). 

(83) diamM,(W^;) < ^ for / > j, 

(84) Vol(MO < Vol(5^^o) + /sin(l/(2/2))L < Vq 

(85) Volg.idWj) < An sin(l/2j2)j < Aq 

(86) Volg,(M \ Wj) < m{ 1 /{iff) + ni sm{2/ i^fl < Vj 



where limy^oo Vj = 0. By Theorem 1.3 we have the intrinsic flat limit is settled 
metric completion which is the sphere. This example has no uniform lower bound 
on Ricci curvature nor a uniform contractibility function so it demonstrates the 
necessities of these conditions in all of our theorems which require them to prove 
the Gromov-HausdorfF limit exists and is the metric completion of (M \ S,gco)- □ 

Example 3.11. There are metrics gi on the sphere s with uniformly bounded 
volume such that {M^,gi) converge smoothly away from a point singularity S = 
{po) and we have a single spline of increasing length whose volume goes to and 
width goes to contained in smaller and smaller neighborhoods of S. The metric 
completion of{M \ S,goo) is the round sphere. This is also the intrinsic flat limit. 
The Gromov-Hausdorjf limit, however, does not exist since the diameter diverges 
to infinity. 

Proof. More precisely the metrics gi are defined by 

(87) g, = hiirfdr'- + ff{r)gsi for r € [0, tt] 

where fj{r) = sin(r) and 

ar 1 



(88) hiir) = l + i^ exp 



X\ 2 1 , 



Observe that on r~^[0,n - l/j) we have hi{r) = 1 for / > 2j. So gi converge 
smoothly away from po to the standard metric on a sphere, gco. The metric and 
settled completions of (M \ {po},gco) are both the standard sphere. 
Observe that 

(89) diamg,(My) > f hi(r) dr = n - 2/i + Li + l/i 

Jo 

where Li is the length of the spline: 

(90) Li ^ f ' hi{r)dr 

Jn-2/i 

(91) = / r e'/^'"^"-'^^du = iL 

Jo 
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Now taking Uj = r~\[0,n- 1/(2 j)]), we see that 

(92) diamM,{Uj) < n for / > 7, 

(93) Vol(M,) < Vol(5^^o) + sin(l/(2/))L,- < Vq 

(94) Volg,(5W^7) < 47rl 



(95) Vol,,(M \ Wy) < 7r( 1 /(2j)2) + n sin(2 /jfL,- < 



1.3 



we have the 



where lirtiy^oo Vy = + limy^oo sin^ 2/ j)j'L - 0. By Theorem 
intrinsic flat limit is settled metric completion which is the sphere. This example 
has no uniform lower bound on Ricci curvature nor a uniform contractibility func- 
tion so it demonstrates the necessities of these conditions in all of our theorems 
which require them to prove the Gromov-HausdorfF limit exists and is the metric 
completion of (M \ S,goo). □ 

3.8. Unbounded Boundary Volumes. Here we have examples demonstrating the 
necessity of the Vol(5VK) conditions in our theorems. 

Example 3.12. There are {M^,gj) all diffeomorphic to the standard sphere which 
converge smoothly away from a singular set S = {po) to (M \S,goo) with the metric 

(96) dr^ + f^ir)gs2 where r € [0, n) 

such that f(r) = sin(r) on [0, n/l] and Volg_^ (M \S) is finite but 

(97) lim/(r) = oo. 

r—tn 

The metric completion agrees with the settled completion of {Mao, doo), which is not 
an integral current space because the area of the boundary is infinite. The diameter 
of this example is clearly < 2n. This example demonstrates that Q of Theorem 1.3 
is a necessary condition. 

Proof. Let ^00 = dr^ + f^{r)gs2 where /(r) is a smooth increasing function such 
that: 

(98) /(r) - sin(r) for r e [0, 7r/2] 
and 

(99) /(r) - (tt - r)"? for r e [nil + 111, n). 
Then we have: 

(100) lim/(r) = oo 

r—^Ti 

and 

(101) Volg„(M\5)= r W2/(r) dr < 00. 

Jo 
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Now let gi = dr + ff{r)gs2 where, fi{r) < f{r) is a smooth function given by: 

(102) /;(r)-/(r)forr€[0,7r-l//] 
and 

(103) fi{r) - sin(r) for r € [tt - 1/(2/), tt]. 



It is easy to see that gi converges to goo away from the singular point. 



Taking Wj = r-\[0,n - 1/j]), we see that all conditions of Theorem 



1.3 



are 



satisfied except that No\g.{dWj) is not bounded. □ 



Remark 3.13. The sequence in Example 3.12 also appears to satisfy uniform local 
contractibility estimates as there is no cusp effect. The Gromov-Hausdorff limit 
appears to be the one point completion of {M \ S,goa)- The metric completion of 
(M \ S,goo) includes infinitely many new points. So this example may well also 



prove necessity of boundary volume estimates in Theorem 6.6 



Remark 3.14. It is not immediately clear how one may construct similar examples 
with nonnegative Ricci curvature proving the necessity of ([J]). A doubly warped 
product will not suffice where the Wj are defined by distance functions will not 
work because we can control the areas of the level sets of such functions. 

3.9. Torus to Square. 

Example 3.15. There are {M^,gj) all isometric to the flat torus, x which 
converge smoothly away from a singular set 

(104) 5 =(5^x{0))u(|0|x5')c5^xSi 
to 

(105) (M \ 5, goo) - ((0, In) X (0, In), dt^ + ds^) . 
So the metric completion and the settled completions are both 

(106) Moo = [0,27r] X [0,27r] 

with the standard flat metric, while the intrinsic flat and Gromov Hausdorfir lim- 
its are the flat torus 5 ^ X 5 ^ Thus the codimension condition and the uniform 
embeddedness conditions are necessary in all our theorems. 

Proof Let Wk = {l/k,2n-l /k) x{\/k,2n-\ Ik). Then, for j large enough: 

(107) Xij^k = sup \dwM^y) - dM{x,y)\ = 2n- 4/j 

x,yeWj 

Therefore, 

(108) lim sup lim sup lim sup Aij^^ - 2;r 

J— >oo »oo >oo 
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and 

(109) lim sup lim sup lim sup Aij^t = 2n 

j—>oo /— >oo ^— >oo 

So we fail uniform embeddedness as well as the codimension 2 condition. 

Observe that the sequence satisfies Ricci curvature, contractibility, diameter and 
volume conditions on M,- because all the M,- are the standard flat torus. Furthermore 
Volg,(M \ Wj) < 4/ and YolgXdWj) < 4. □ 



4. Explicit Estimates with Isometric Embeddings 

In this section we construct isometric embeddings of Riemannian manifolds into 
metric spaces to provide explicit bounds on the Gromov-Hausdorff and intrinsic flat 
distances between them. 



Recall the definition of isometric embedding given in Subsection 2. 1 In fact we 
construct more general mappings. 

Definition 4.1. Let D > and M,M' are geodesic metric spaces. We say that 
ip : M ^ M' is a D-geodesic embedding if for any smooth minimal geodesic, 
y '. [0, 1] M, of length < Dwe have 

(110) dM'{'Piym),ipi7im = Liy)- 

When D = diam(M), then D-geodesic embeddings are isometric embeddings . 
The advantage of this more general notion is that it can be applied when M is not 



complete. This will be essential to proving Theorem 4.6 



4.1. Hemispherical Embeddings. In this subsection we prove the following key 
proposition: 

Proposition 4.2. Given a manifold M with Riemannian metrics gi and g2 and 
Di,D2,ti,t2 > 0. Let M' = M X [fi,f2] and let (fi : Mi M' be defined by 
fAp) - {?■■ U)- If the metric g' on M' satisfies 

(1 11) g'> dt^ + cos\{t - ti)nlDi)gifor \t - ti\ < Dill 
and 

(1 12) g' = dt^ + gi onMx Ui] c M' 



then any geodesic, y : [0, 1] Mi, of length < Di satisfies {110). If the diameter 
is bounded, diamgj(M) < Di, then tpi is an isometric embedding. 
Furthermore, for qi,q2 £ M, we have 



(113) 



dM'{<Pi{q\),V'ii(l2)) > dM,i.q\,q2)- 
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Figure 5. First we see a pair of flat tori, M,- = (M, g,), isometrically 
embedded in their own hemispherical suspensions. Then they both 
isometrically embed into a common M'. 



Example 4.3. Let M = S x [0, 1] and let gi = afdO + bfdl , where a\ > ai > 
and b2 > bi > 0. Take 

(1 14) Di = diamg,(MO - yji^) 



^+bl 



By Proposition 4.2 we know that if we can find ti € R and functions a, b : ?2] 
R such that 



(115) 
(116) 



a{t) > max ajhiit) 

1=1,2 

b{t) > max bihi{t) 

!= 1 ,2 



where hi{t) = max{cos((f - ti)n/Di), 0) and 

(117) a{ti) = ai, a{t2) = aj, b{t\) = bi and bitj) = bj, 
then we have isometric embeddings ipi : (M,gi) (M',g') where 

(118) g' - dt^ + a^{t)de^ + b'^{t)df. 



To obtain {117 ), we must choose t\ — t2 sufficiently large that 
(119) a\h\{t2 - t\) < a2 and b2h2it2 - ti) < b\. 

Since ai/^i, ^^2/^1 < 1 this is achieved by taking 



,D\ Ia2 
\t2 - fil > max < — arccos — 



D2 by 

— arccos — 

JT \b2 



(120) 
See Figure^ 

Before we prove the proposition we prove the following lemma. Recall that 
equators in spheres isometrically embed into the hemispheres. Here we create stan- 
dard isometric embeddings of Riemannian manifolds into hemispherically warped 
product spaces. The idea comes from Gromov's notions in filling Riemannian man- 
ifolds IIGro83l . 
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Lemma 4.4. Given a Riemannian manifold (M, g) and D > 0. Let M' - M x 
[0,D/2] and let (p : M ^ M' be defined by (p{p) = {p,0). If the metric g' on M' 
satisfies 

(121) g' > dt^ + cos^{tn/D)g on M' 

and 

{111) g' = dt^+gonMx {0} c M' 

then any geodesic, y : [0, 1] — > M, of length < D satisfies {110 ). If diam{M) < D 
then (fi is an isometric embedding. 

Here the hemispherical suspension, M', is a well defined metric space but not 
necessarily a smooth manifold as can be seen, for example, on the left side of Fig- 
ure |6] The inspiration for using a hemispherical suspension comes from Gromov's 
work on filling Riemannian manifolds IIGro831 . 

Proof. Assume not. There exists a geodesic y : [0, 1] — > M of length < D, and a 
curve T] : [0, 1] M' running from y(0) to 7(1) of length Lg'{cr) < Lg{y). If we 
replace the metric g' by g" = dt^ + cos^{tn/D)g, then Lg"{cr) < Lg(y). 

So there exists a curve C{s) = {x{s),t{s)) e M x [0, D/2] which is minimiz- 
ing with respect to g" between its endpoints C(0) = (x(0),0) = y(0) and C(l) = 
(x(l),0) = y(l) such that 

(123) V(C) < Lg>,{cr) < Lg,{o-) < Lg{y) = dM{x{0), x(l)) < D. 

Since C : [0, 1] ^ M' is a minimizing geodesic in a warped product, x : [0, 1] 
M is a minimizing geodesic in M. We choose the parameter s so that x is parametrized 
proportional to arclength and let h be the length of the geodesic x, so we have 
h ^ dM{x{0),x{l)) < D. See Figure[6] 




Figure 6. On the left we have a smooth torus, M*", which is 
warped with a cosine function to create the curved manifold, 
M'" X [0, D/2], in which C hes. On the right we see the the set U 
viewed as a subset of a hemisphere created using the same warping 
function. 
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Observe that F : [0, h] x [0, D/2] defined by F{s, t) = {x{s/h), t) is an isometric 
embedding of a region, U , in the standard round sphere, 5^, of diameter D into M' . 
That is the metric on U is 



(124) 



dt^ + cos\tn/D)ds^ 



and for any curve y : [a,b] ^ U where y{u) = iysiu),ytiu)) we have, by ( 121 

/'((Foy)'(M),(Foy)'(M)) - {df+cos\t7:/D))g{Foyy(u),Foyy(u)) 

- y[{uf + cos\tn/D)gi{x o y,)\ulh), (x o y,)\ulh))lh^ 
= y'jiuf + cos^{tnlD)\y',{u)\^g{x'{ulh), x{u/h))/h^ 

- Y,{uf + cos^(f7r/D)|y^(M)|^ because g{x' , x') = 
= {di^ + co^'^{tnlD)ds\y\u), y'{u)). 



In particular, L{F o x) = L{x) since, by ( 122 1. 

Furthermore C{s) c F{U). So F'^C is a curve in running between 
F-\C{0)) and F-\C{\)). Thus 

(125) V(C) > dsi{F-\cm, F-\C{\))) = L{F-' o x) = ^/m(x(0), x(1)) 

because F^^ ox runs along a great circle in 5 ^ and has length < D. This contradicts 
(fT23l). □ 



We may now apply Lemma |44| to prove Proposition 
Proof. By Lemma [44] ([TTT 



I and (112 1, we see that any geodesic, y : [0, 1] Mi, 



of length < Di satisfies ( 1 10 1. 



Given qi,q2 € M, let y : [0, 1] M' be a length minimizing geodesic from 
(fiiiqi) to (p2{q2)- So 

(126) y{s) = {c{s),t{s))eMx[ty,t2l 

For fiit) = cosi{t-ti)n/Di) 



Lg'iy) 



^ I g'(yis),y' 
Jo 



(s)) ds 



(^)2 + m&xf^{t{s))gi{c'{s), c'{s)) ds 

(=1,2 ' 



> 



{sf+fKt{s))gx{c'{s),c'{s))ds 



j| ^t'{s)^ + f^{t{s))g,{c'{s),c'{s))ds 
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where c is a length minimizing geodesic in {M,gi) from c(0) to c(l) parametrized 
proportional to arclength of length h = dg^{c{0), c(l)). Thus 

(127) ^^'^^^-X yF^^^^^^^fM^ 

This integral is the length of a curve in a hemisphere of diameter Di running from 
a point (0, h) on the equator to a point Qti - t2\, 0). So it is greater than or equal to 
the length of the third side of a triangle opposite a right angle with legs of length 
dMi (^1 > qi) and \ti -t2\. Applying the Spherical Law of Cosines rescaled we obtain 

.now / . ^ . ^^ ^ / /^^M, (^1 , ^2) \ ( Mh - til^ 
{l2S)dM'i'Piiqi),'P2iq2)) ^ — arccos cos cos 



n \ \ Di I \ D 

(129) > dMi{qi,q2)- 



4.2. Estimating Distances between Manifolds. The Gromov-Hausdorff distance 
between a pair of metric spaces was estimated in terms of the Lipschitz distance 
between them in [Gro99]. In [SWll], the intrinsic flat distance distance between 
a pair of integral current spaces was estimated in terms of the Lipschitz distance 
between them. Here we give a simple proof estimating these distances between 
Riemannian manifolds using explicit isometric embeddings into a common Rie- 
mannian manifold. Recall Definitions l2.7l and l2.9[ 

Lemma 4.5. Suppose Mi - {M,gi) and M2 - {M,g2) are dijfeomorphic oriented 
precompact Riemannian manifolds and suppose there exists e > such that 

(130) gi{V, V)<{\ + 6fg2{V, V) andg2{V, V) < {I + efgi{V, V) We TM. 
Then for any 

, , arccos(l + eY^ ^ 

(131) ax> — diam(M2) 

TT 

and 

arccos(l + e)~^ 

(132) a2 > ^ ^diam(Mi), 

n 

there is a pair of isometric embeddings (pi : Mi M' = M X [?i , ?2] with a metric 



as in Proposition 4.2 where ?2 ~ ^1 ^ max {a\,a2} 



Thus the Gromov-Hausdorff distance between the metric completions is bounded, 

(133) dGH{Mi,M2) < a := max{ai,a2} , 

and the intrinsic flat and scalable intrinsic flat distances between the settled com- 
pletions are bounded, 

(134) t/^M' M') < a(yi + ¥2 +Ai +A2), 
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(136) 

and 

(137) 



giiV, V) > cos^iain/D2)g2{V, V) VV e TM 



g2(V, V) > cos^(a2n/Di)gi(V, V) VV e TM. 



Applying Proposition 4.2 and setting ti = and t2 = a, we have isometric em- 
beddings ifi : {M,gi) iM',g') for any g' satisfying ( |111[ ) and ( |112[ ). In fact, the 
metric g' on M' can be chosen so that 



(138) 



g'{V, V) < dt^iV, V) + gi{V, V) + g2iV, V) V V € TM'. 



By Definition 2.5 we have, 



(139) 



dGH(MuM2) < <'(^l(Mi),^2(M2)). 



For all r > a, <^i(Mi) c Tr{(f2{M2)) and ^2(^2) c Tr{ip\{Mi)), because for all 
p e M we have 



(140) 



dM'{ipi(p),(P2{p)) = \t2-ti\^ a. 



By Definition 2.4 we have ( 133 1. 

Recall that to estimate the Intrinsic flat Distance and scalable intrinsic flat Dis- 
tance we must estimate volumes of a filling manifold and an excess boundary as 
in (21 1 and (30 1. Taking v to be the unit inward normal to dM' \ (Mi U M2) and 
applying the estimate on g' given in ( 138 1 we have 

dr(M[ , M'2) < Vol(M') + Vol(5M' \ (Mi U M2)) 



\ Hg'dt+ \ v^fig'dt 

Jtl Jm Jti JdM 



< \t2 - fi|(Vol(Mi) + Vol(M2)) + \t2 - fi|(Vol(5Mi) + Vol(<9M2)). 



and 



dsr{M[, M'2) < (Vol(M'))^^^'""*"^^ + (Vol(<9M' \ (Mi U M2))) 



Jtl Jm 



l/(m+l) 



+ 



I I vjjUg' dt 

Jtl JdM 



1/m 



1/m 



< i\t2 - fil(Vol(Mi) + Vol(M2)))^^^'"'"'^ 

+ {\t2 - fi|(Vol(5Mi) + Vol(5M2)))^^'" . 



SMOOTH CONVERGENCE AWAY FROM SINGULAR SETS 



29 



4.3. Appending Regions without Smooth Approximations. Now we examine 
pairs of precompact oriented manifolds (Mi,gi) and (M2,g2) which are not dif- 
feomorphic but have diffeomorphic regions Ui c M,. That is, there is a common 
smooth manifold with boundary U and diffeomorphisms tfrj : U ^ Ui c M,. Then 
we may apply Proposition 4.2 and Lemma 4.5 to the regions Ui to estimate the 
distances between the metric and settled completions of the M, . Recall also Defini- 
tions|2.7|and|2.9[ Recall also the distinction between the intrinsic length metric, du, 



and the restricted metric cIm, on a region U c M and the corresponding diameters. 



diamM(t/) < diam[/(?7), in Definition 2.1 



Theorem 4.6. Suppose Mi = {M,gi) and M2 = {M,g2) are oriented precom- 
pact Riemannian manifolds with diffeomorphic subregions Ui c M,- and diffeomor- 
phisms tpi : U ^ Ui such that 

(141) «A;5iWV)<(l + e)V2g2(V,y) yVeTU 
and 

(142) (A2g2(V, V) < (1 + efipXgiiV, V) VVeTU 
Taking the extrinsic diameters, 

(143) Djjj - sup{diamM,(W^) • W is a connected component of Ui} < diam(M,), 
we define a hemispherical width, 

arccos(l + e)"^ ,^ ^ , 

(144) a > — max{D(/,,Dj/,}. 

TT 

Taking the difference in distances with respect to the outside manifolds, 

(145) A= sup \dMiiipiix),tl/i(y)) - dM2(<^2ix),il'2(y))\, 

x,yeU 

we define heights, 

(146) h = V^(max{Dj/,,Dc/,) + ^/4) 
and 

(147) h = max{h, Ve^ + 2e Du, , Ve^ + 2e Du^}. 

Then the Gromov-Hausdorff distance between the metric completions is bounded, 

(148) dGH{Mi,M2) <a + lh + max[d'^\Ui,Mi),d"\U2,M2)] 
and the intrinsic fiat distance between the settled completions is bounded, 

dr{M[,M2) < (2/j + a)(VoU[/i) + VoU[/2) + VoU_i(5[/i) + Vol,„_i(5t/2)) 
+ Vol„(Mi \Ui) + Vol™(M2 \ U2). 
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and the scalable intrinsic flat distance is bounded, 

d,r{M[,M'^) < {(VoUUi) + Vol,„([/2)) {h + a) f'^'"^'^ 
+((2h + a) (Vol,„„i(5[/i) + Vol,„_i(5[/2)) 

+ Vol„(Mi \ UO + VoU(M2 \ U2)f'"\ 

Figure |2] may be viewed as an application of this theorem. It should be noted 
that this theorem is an improvement on the Bridge Method Lemma A. 2 of HSWllI 
in two respects. First, we allow Ui and U2 not isometric, and secondly we loosen 
the diameter bounds of that method asking only for control on the A defined here. 

Recall in Definition \2.l\ that two different metrics are defined on a connected 
subdomain, U cz M. When U is is also convex, these two metrics agree. The- 
orem 4.6 does not require the subdomains to be connected or convex, and so the 



proof becomes quite difficult. Before we prove this theorem we state and prove a 
special case with stronger estimates. 

Theorem 4.7. Suppose M[ - {M,g[) and M2 = {M,g2) are oriented Riemannian 
manifolds with diffeomorphic convex subregions Uj c M, and diffeomorphisms 
ilfi'. U ^ Ui such that 

(149) ilj\g,{V,V)<{\ + efiljlg2{V,V) VVeTU 
and 

(150) iljlg2{V, V) < (1 + efilj\gi(y, V) V V € TU. 
Then for any 

^ arccos(l + e)~' 

(151) fli > diam[/2((72) 

n 

and 

arccos(l + eY^ 

(152) a2> diamj/|(?7i), 

n 

there is a pair of isometric embeddings ipi : Ui M' where M' = U X [ti, t2\ 
where t2 - t[ - max{fl'i,a2) such that ^,(x) - (x, f,). Furthermore, these isometric 
embeddings extend to isometric embeddings cp : Mi ^ Z', where Z' is a length 
metric space defined by gluing Mi to M' along Ui. 

In particular the Gromov-Hausdorff distance between the metric completions is 
bounded, 

(153) dGH{Mi,M2) < max{ai,a2} + max[d^\Ui,M\),d'^\U2,M2)] 
and the intrinsic flat distance between the settled completions is bounded, 

dr{M[,M'2) < max{ai,a2)(Vol([/i) + Vol([/2) + Vol(5[/i) + Vol(5[/2)) 
+ Vol(Mi \Ui) + Vol(M2 \ U2), 
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and the scalable intrinsic flat distance is bounded, 
d,r{M[,M'2) < (max{ai,a2)(Vol([/i) + Vol([/2)))'/('"+i) 

+ (max{ai,a2l(Vol(5[/i) + Vol(5[/2)) + Vol(Mi \ t/i) + Vol(M2 \ t/2) )'^^"'^ 



Proof. The metric g' on M' is defined by applying Proposition 4.2 and Lemma 4.5 



to the difFeomorphic regions, U\ and U2, using the D,- as defined above : Ui 



M' are isometric embeddings. We can choose g' satisfying ( 138 1. 

We must verify that the M,- isometrically embed into Z' constructed as in the 
statement of the theorem. To see this we take any x,y e M\ and a shortest curve 
C <z Z' running between ip\{x) and ip\{y). If the curve never enters (fi2{M2 \ U2) 



then dMi{x,y) = dz'{(p\{x),(p\{y)) by Lemma 4.5 and Lemma A.l in the Appendix 
of liSWlliI applied to ^i(Mi) U M' c Z'. If the curve does enter ^2(^2 \ U2) then 
we have a length minimizing curve which leaves U2 contradicting the fact that it is 
convex. The same argument may be repeated to prove (fi2 : M2 Z' is an isometric 
embedding. 



So now we may estimate the Gromov-Hausdorff distance as in Remark 2.6 Let 



n - d^-{Mi, Ui). We claim 

(154) dcHiMuMi) < df^iipM), (f2{M2) < \ti - t2\ + max [n] . 

Fix any 5 > 0. Then any point p e Mi has a point q € Ui such that d{p, q) < ri+ 6. 
Furthermore, (fiiiq) = {q, t\) e M' <z Z' so 

(155) dz'{'pi{q),{q,t2)) = \t2 - ti\ 
and iq, 12) c ip2{U2) c ^2(^2)- Thus 

(156) ^i(Mi) c Tr,+s^t.-n\{9iM2)) 
and similarly 

(157) ^2(M2) c Tr,^sMt2-t^WiMl))■ 

The claim follows by taking 5 — > 0. 



We bound the intrinsic Hat distance as in Remark 2.8 taking M' to be the filling 



manifold with the metric g' defined in Lemma 4.5 satisfying ( |138 1. We apply the 



same estimates as in Lemma 4.5 to bound the volumes of these regions, only now 
we add in the additional volume terms coming from the additional components of 
the excess boundary M,- \ Ui. 



We bound the scalable intrinsic fiat distance as in Remark 2.11 Again we in- 
clude the additional components of the excess boundary but insert them into the 
summand with an exponent of 1 /m since these are m dimensional boundary regions 
and the scalable flat distance is 1 dimensional. □ 

We now prove Theorem |4.6| To prove this theorem we adapt the proof of the 
convex case and the proof of Lemma A.2 in BSWlli It is essential to possibly 
push the two manifolds further apart than required simply to isometrically embed 
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the Ui into M' as a short cut for a path between points in ip\{M\) might be found 
within (p2{M2 \ Uj)- 

Proof. For each corresponding pair of connected components Uaj of Ui, we cre- 
ate a hemispherically defined filling bridge M'^ diffeomorphic to Uajj x [0, a] with 
metric g'^ satisfying (110 1 by applying Proposition 4.2 and Lemma 4.5 using the 
a; = ai{a) defined there for that particular connected component, Ua and D,- = Dy.. 
Observe that all a, < a, so we may take \t\ - t2\ - a for all the connected com- 
ponents. Any minimal geodesic y : [0, 1] — > Uaj of length < Djj. < diamM,(^^i) 
satisfies ( |110| ). 

We take the disjoint unions of these bridges to be M' . So it has a metric g' 
satisfying ( |138| ). Observe that the boundary of M' is (?7,gi) U (U,g2) U {dU x 
[Q,a\,g'). So that 

(158) Vol„(M') = J]Vo1,„(M;) 

a 

(159) < 2]fl(Vol,„([/,,i) + VoU[/„,2)) 

a 

(160) < a(VoU[/i) + VoU([/2)) 
and 

(161) Vol,„ {dM' \ (^i([/i) U ip2{U2)) < a {Yolm-iidUl) + VoU_i(5C/2)) 
as in Lemma 1431 

We cannot directly glue M,- to M' and obtain an isometric embedding because 
our regions are not convex. On either end of the filling bridges, we glue isometric 
products Ua X [0, h\ with metric df' + gi, so that all the bridges are extended by an 
equal length on either side. This creates a Lipschitz manifold, 

(162) M" - (t/i X [0, h]) Uf/, M' Uu. {U2 x [0, h]). 
We then define ipi : Ui ^ M such that 

(163) ipi{x) = {x,0) e Ui X [0,h] 

(164) ip2{x) - {x,h) e U2 X [0,h] 

as in Figure |7] Then by ( |158 1 and ( 161 1, we have 

(165) VoWi(M") - VoWi(M') + /j(Vol™([/i) + VoU([/2)) 

(166) < (a + /j)(Vol,„(t/i) + Vol™([/2)) 

and Vol;„ (dM" \ (ipi(Ui) U ^2(^/2)) - 

(167) - VoU(5M'\(^i([/i)U ^2(^/2)) + /j(VoU-i(5[/i) + VoU-i(5[/2)) 

(168) < {a + h){Yol,„-iidUi) + Yol,n-iidU2)). 
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Finally we glue Mi and M2 to the far ends of M" along tpi{Ui) to create a con- 
nected length space 



(169) 



Z ^ Ml U(/, M" Uj/, M2 



where distances in Z are defined by taking the infimum of lengths of curves as 
usual. See Figure [7] We will refer to each connected component, M'^ of M" as the 
filling bridge corresponding to Ua- 




Figure 7. Creating Z for Theorem 4.6 



We must prove that (pi : M i ^ Z mapping Mi into its copy in Z is an isometric 
embedding. To see this we take any x,y € Mi and a shortest curve C (Z Z running 
between (fii{x) and (piiy). As in the convex proof, our only concern is the possibility 
that C passes into ^02(^2 \ Ui)- 

If the minimizing curve never crosses a filling bridge, then we claim it has the 
same length as a curve in ^i(Mi). To see this, we take any 5'2 > ^'i e [0, 1] such 
that Cisi), C{s2) e ^i(Mi) and C{(si, sj)) c Z \ (pi(Mi). Since C is assumed not 
to cross a bridge (not to enter ^2(^2). then C(si) = (fixi) and C{s2) = ^(^2) where 
xi,X2 lie in the same connected component, Ua,i, of Ui. Since C{[si,S2]) is a 
minimizing curve it has length 

(170) < dM"iC{si),C{s2)) < dM,(xi,X2) < dmmM,(Ua,i) < Du^. 



By (110 1, a minimal geodesic from xi to X2 lying in Ua,i has the same length as 
C{[si, S2])- So we may replace this segment of C with the image of this minimal 
geodesic. 

On the other hand, if the minimizing curve crosses a filling bridge all the way to 
^2(^2), then we may carefully apply the choice of h to reach a contradiction as in 
the left hand side of Figure [81 We define the following points < ti < t2 < < 
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t4 < I such that 

(171) h = mf{t: C{t)eCl{Z\,fi{Mi))}, 

(172) t2 = min{f: C(0 e (^2(^2)}, 

(173) t4 = min{f > : C{t) € i^i(Mi)), 

(174) t3 = maxU € [f2, f4) : C{t) e (pjiMj)} 

so that C{[ti,t2]) and C([f3, f4]) are geodesic segments lying within filling bridges: 

(175) ci[tut2]) c m;;^ c{[t3, k]) c m;;^. 




Figure 8. Why length minimizing curves cannot cross bridges in 



the proof of Theorem 4.6 



Observe that there are points pi, P4 € U and P2,P3 e d(U) such that 

(176) ^i(<Ai(Pi)) - C(fi) ^i(«Ai(P4)) = CiU) 

(177) ^^2(«A2(;'2)) - C(f2) ni^iip^)) = Cits). 

Observe that since C{[t2, t^]) c ^2(^2) we know the length of this segment is 

(178) dziC{t2),Cit3)) = dMM2{P2),ip2{P3)) > ^/m, (<Al(;?2), <Al(P3)) - ^ 



by the definition of /I in ( 145 1. 

We claim that the lengths of the other segments are 



(179) 

and 

(180) 



dM"{C{h),Cit2))> ^dM,{puP2)^ + h^ 

dM"iCit3),Cit4)) > yJdMi{p3,PAV ■ 
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(181) 
(182) 



dM"iC{h),Cit2)) > dAnipuP2) + A/2, 

dM"{C{t3),C{t4)) > dMi{p3,PA) + 



This combined with ( 178 1 implies that 



L(C([tut4]) = du'iCih), C{t2)) + dz(C(t2), C{h)) + dM"{C{h), C{U)) 

> dMt {PU Pl) + /1/2 + Jm, iP2,P3)-'i + dMi iP3,P4) + /1/2 

> dMtipuPl) + dMiiP2,P3)dMi{P3,P4-) 

> dM.iPuPA) = d^^(Ml)(C(tl),C(t4)) 

> dz{C{h),C{t4)), 

which is a contradicts the fact that C was minimizing. 



So we need only prove our claim in ( 179 1 and ( 180l to see that i^i : Mi — > Z 
is an isometric embedding. This claim concerns a minimizing geodesic lying in a 
single connected component of the filling bridges, 

(183) r : [0, 1] ^ (t/a,l X [0,;i]) Uu„, Uu^, {Ua,2 X [0,h]) 

such that 



(184) 
and 



r(0)-(^o,0)e[/„,iX{0)c^i(Mi) 



(185) r(l) = iq3,h) € [/,,2 X [h] C ^2(M2). 

Consult the right hand side of Figure [8] Let < < 5^2 < 1 be chosen so that 

(186) y{si) = (quh) e Ua,i X {h} c dM', 
and 



(187) 



rfe) = (?2,0)e t/„,2X{0)c5M;. 



Then by ( 113 1, we have 



(188) 



V(r([5i,52]) = dg'(y(si),y(s2)) > dg,{qi,q2). 
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> 
> 



SO that 

L{y) = dz{yiO),yisi)) + dz{7isi)Ms2)) + dziy{s2),yW) 
= ■\ldui{qo,qi)^ + P + duii(]i,(]2) + ■\jdu2i(]2,q3)^ + 

> -^duMo^qi)^ + + duiiqi'q2) 

+ ^duM2,q3)Vil + eY + (62 + 2e)Dl^ 

> yJdMiiqo,q\)^ + h'^ + dMiiqi,q2) 

+ -y/^^Mi (^2, ^3)^/(1 + e)^ + (e^ + 2e)<iM,(^3,^4)^ 

Mi{qQ,qi)^ + + dMi{qi,q2) + yjdMi{q2^q3)^ 

yjidMiiqo, qi) + dM, (^1, ^2) + diw, iq2, qi,)f + 

^dMiiqQ,q3)^ + h^- 

This gives us ( 179) and ( 180| ). Thus we have proven ^1 : Mi ^ Z is an isometric 
embedding and the same follows for ^2 '■ M2 Z. 

So now we may estimate the Gromov-Hausdorff distance: Let = d^'{Mi, Ui). 
We claim 

(189) dGH{M]_,M2) < dfj{<pi{Mi),(f2{M2) <h + h + a + max{r,} . 

Fix any 5 > 0. Then any point p € M\ has a point q e Ui such that d{p, q) < ri+ 6. 
Furthermore, 

(190) dz{(f\{q), (fi2iq)) < a + h + h 
and (fi2iq) c tp2iU2) c (fi2{M2). Thus 

(191) ^i(Mi) c r,. ^,^„^^^^(^(M2)). 
and similarly 

(192) ^2(M2) c r,,^,^,^;,^^(^(Mi)). 

The claim follows by taking 5 — > 0. 

To bound the intrinsic flat distance and scalable intrinsic flat distance, we take 
- M" to be the filling manifold and then the excess boundary is 

(193) A'" = ^i(Mi \ Ui) U ^2(M2 \ U2) U dM" \ (ifiiUi) U ^2(^/2)) 
so that with appropriate orientations we have 

(194) I CO- \ aj= \ doj+ \ oj. 
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The volumes of these manifolds have been computed in ( 167 1 and ( 165 1. So as in 
Remark 123] we have 

driMi , M2) < VoU(C/i ){h + a) + Vol,„([/2) [h + a) 

+ {h + a) Vol,„_i(5[/i) + {h + a) Vol,„_i((9C/2) 
+ Vol„,(Mi \ f/i) + V0UM2 \ t/2). 
The scalable intrinsic flat distance is bounded as in Remark l2.1 ll so that we have 

d,riMi,M2) < {Yol,„{Ui){h + a) + yol,„{U2){h + a)f'^"'^^^ 

+( [h + a) Vol„_i(5[/i) + {h + a) Vol„,_i(5[/2) 

• Vol^CMi \Ui) + VoU(M2 \ U2)f''". 



+ 



5. Intrinsic Flat Limits 

In this section we examine sequences of Riemannian manifolds which con- 
verge smoothly away from singular sets and their intrinsic flat limits proving The- 
orem 1.3 This theorem will be shown to be consequences of the following more 
powerful theorem which requires a condition on the embeddings of the exhaustion 
in the manifold: 

Definition 5.1. Given a sequence of Riemannian manifolds Mi = {M,gi) and an 
open subset, U c M, a connected precompact exhaustion, Wj, of U satisfying (|2j) 
is uniformly well embedded if 

(195) hj,k^ sup \d(w^,g,){x,y) - d(^M,g,){x,y)\ 
has 

(196) lim sup lim sup lim sup Aij^k ^ ^0 
and 

(197) lim sup Ai j k = Aij where lim sup Ai j = Aj and lim Aj = 0. 

Theorem 5.2. Let Mi = {M,gi) be a sequence of Riemannian manifolds such that 
there is a closed subset, S, and a uniformly well embedded connected precompact 
exhaustion, Wj, of M \ S satisfying (|2]) such that gi converge smoothly to goo on 
each Wj with 

(198) diamMXW'y) < -Do V/ > 7, 

(199) Yolg,mj) < Ao 
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and 



(200) 

Then 
(201) 



Yo\g,{M \ Wj) < Vj where lim Vj = 0. 



lim driM'N') - 



where N' is the settled completion of(M \ 5, goo)- 

In the first subsection, we prove a teciinical proposition demonstrating that the 
intiinsic flat limit of a connected precompact exhaustion of an open set in a fixed 



Riemannian manifold to the metric completion of that open set [Proposition 5.4 1 
This theorem is shown to be false for Gromov-Hausdorff limits [Example |5.5[ ~ 

The second subsection, we complete the proof of Theorem |5 .2 1 applying Propo 
sition l5.4l and Theorem l4.6l 



The third subsection contains a proof of Lemma 5.7 concerning manifolds with 



singular sets of codimension two. This final lemma combined with Theorem 5.2 



proves Theorem 1.3 

Remark 5.3. In Example 3.4 we see that it is necessary to assume that the ex- 



haustion is connected in Theorem \5.2\ The excess volume bound in (|?]) is shown 



to be necessary in Example 3. 7 and Example \3.8\ which has no intrinsic flat limit. 



The uniform bound on the boundary volumes, Q, is seen to be necessary in Ex- 
ample 3.12 All these examples have codimension 2 singular sets and show the 



necessity of these hypothesis for Theorem 1.3 as well. The uniform embeddedness 
hypothesis of Theorem \5.2\ and the codimension two condition of Theorem 1.3 are 
seen to be necessary for their respective theorems in Example \3.15 

5.1. Creating Spaces from Exhaustions. In this section we examine the con- 
struction of the limit space from a sequence of precompact open sets. One may 
view this section as a technical subsection. Recall that a connected precompact 
exhaustion of a domain satisfies ([2]). 

Proposition 5.4. Let Wj be a connected precompact exhaustion of a Riemannian 
manifold, N, with fixed Riemannian metric, gisf. If we assume that diam{N) < Dq, 
VoliWj) < Vol(A^) < Vq and VolidWj) < Aq then the settled completion N' c N 
satisfies 

(202) lim dFdW'j, dwX (N', dN')) = 0. 

where dwj is: the induced length metric on Wj defined by the Riemannian metric g^ 
and W'j is the settled completion ofWj with respect to dwj- 

The connectedness is essential to this theorem as can be seen in Example |3.4[ 
Interestingly, one does not obtain Gromov-Hausdorff convergence under these con- 
ditions. There need not even exist a Gromov-Hausdorff limit of (Wj, dwj)- See 
Example 5.5 below. 
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Proof. We first verify that we can apply Theorem 4.6 with Mi = Wu and M2 = N 
and Ui = Wi c Wk for / < k and U2 = Wi c A^. Note that e ^ and the 
hemispherical width a can be taken to be because Ui have the same Riemannian 
metric, g^. 
We claim 

(203) lim Vol(A^ \ Wj) = 0. 

Since N is an open manifold of finite volume 

00 

(204) Vol(A^) - 2] YoliWk \Wk-i), 



k=i 



so 



(205) lim y Vol(W^ \ Wt-i) = 



k=j+l 



However 



(206) Vol(A^ \ Wj) - 2] VoliWk \Wk-i) 

k=j+i 

so we have our claim. 
Let k > i and let 

(207) Ai^k= \dw;,{x,y) - dN{x,y)\. 

x,yeWi 

Then 

(208) Du, = diamiv,(W,) < diamA, Wi + Ai^k < Dq + Ai^f 
and, 

(209) = diamA, Wi < Dq. 
We claim that for fixed /, 

(210) lim Ai^k - 0. 

k—ioo 

First note that Ai^k is decreasing in k because 

(211) dwM^y) > dwt+i(x,y) > dN{x,y). 
If the limit is not zero in ( |210| ) then let 

(212) e' = infi;,i > 0. 

k 



Since Wi is compact, there exists Xi^k,yi,k c Wi achieving the supremum in (207 1. 
Taking k to infinity, a subsequence converges to Xi,yi c Wi with respect to d^.. Let 
ji c A'^ be a curve from Xi to j,- such that 

(213) L{yi)<dN{xi,yi) + e' 15. 
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Since Wk exhaust A^, there exists Nf:' sufficiently large that 

(214) Yi cWk Vk> N^'. 
Thus 

(215) dw,{xi'yi)^dN{xi,yi) + e'/5 yk>N,'. 
Now take k from the subsequence sufficiently large that we have 

(216) d^i^{xi^k,Xi) < d^^^{xi^k,Xi) < e 15 

(217) dw,iyi,k,yi) ^ d^^(yi^k,yi) < e'/5 
and then 

dNixi,k,yi,k) < dwt{xi,k,yi,k) 

< dwtixii^ , Xi) + dwi,{xi,yi) + dw^iyi, yO 

< dN{xi,yi) + 2>e' 15 

< d^ixi^ , Xi) + dN{xi, yd + d^iyi, y^) + 3675 

< dwt{xi^,Xi) + dN{xi,yi) + dv/^{yi,yi;,) + 3e75 

< dw^{xi,^,Xi) + dN{xi,yi) + dwt(yi,yk) + 3e75 

< 5e75 - e' 

and Ai^k < 3e75 which is a contradiction. 

By (|208|), (|209|) and (|210|), we know that for fixed /, 



(218) 



lim hi^ic - 

k^oo 



where hi^^ is defined as in ( 146 1-( 147 1 with A = Ajj and e = 0. 
By Theorem |4.6[ the intrinsic flat distance is bounded, 

dr{N', Wj) < [hij) (2 Vol(lV,) + 2 Vol(5lV0) + Vol(A^ \ Wd + VoliWj \ Wt) 

< {hi,j) {2Vq + 2Ao) + Vol(A^ \ Wi) + VoliN \ Wd 

By (203 1, for any e" > there exists / sufficiently large that 

(219) driN', Wj) < [hj) {2Vo + 2Ao) + e". 

Fixing that value for /, we now take j ^ oo, 

(220) 



hm driN', Wj) < e". 

j->co 



We have the theorem as stated. 



Example 5.5. In Figure^we see that a connected precompact exhaustion Wj of a 
standard flat two dimensional torus satisfying Vol(Wy) < Vol(A'^) < Vq and 



(221) 



Um Vol(A^ \ Wj) = 0. 
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Observe that {Wj, dwj) need not have a Gromov-Hausdorjf limit because balls of 
radius 1/2 about the tips of the arms measured with respect to the intrinsic length 
metric dwj are disjoint and so the number of disjoint balls of radius 1 /2 is un- 
bounded. According to the converse of Gromov Compactness Theorem, the num- 
ber of disjoint balls in a sequence of compact metric spaces converging to a com- 
pact metric space is uniformly bounded above, so this sequence cannot converge 
IIGro99ll . 




To find an example which also satisfies \o\{dWj) < Aq, we may construct a 
connected precompact exhaustion of a standard flat three dimensional torus where 
the arms are thin tubular neighborhoods of curves so that their lengths are still 
long enough to have disjoint balls but the areas of the boundaries of the arms are 
arbitrarily small. 



5.2. Proof of Theorem 5.2 In this subsection we prove Theorem 5.2 Keep in 
mind Remark 5.3 First we prove a short lemma which will be applied here and 
elsewhere: 

Lemma 5.6. Let Mi = (M, gi) be a sequence of Riemannian manifolds such that 
there is a closed subset, S, and a connected precompact exhaustion, Wj, of M\S 
satisfying Q such that gi converge smoothly to goo on each Wj. If 

(222) Volg,(M \ Wj) < Vj where Urn Vj - 

then there exists a uniform Vq > such that 



(223) 



Vol,,(M) < Vo. 
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Proof. Fix any Wj. Since gi converges smoothly on Wj, No\g.{Wj) must converge 
smoothly as well. So there exists V\ > such that Wo\g-{Wj) < V\. Thus we have 

(224) Volg,(M) = Volg,(Wy) + Volg,(M \ Wj) < Vi + Vj 

and sup Vj < oo because limy^oo Vj exists. □ 



We now prove Theorem 5.2 



Proof. By hypothesis (200 1 and Lemma 5.6 we have: 
(225) Vol(M;) < Vq, 



Next we prove that (Wj,goo) satisfy the hypothesis of Theorem 5.4 Observe that 
hypothesis ( 198| ) implies 



(226) NolgS^j) = Um Yolg^Wj) < Vq, 

while ( 199} implies 

VolgJdWj) - lim VolgXdWj) < Aq. 



{Ill) 

Finally 

(228) 
(229) 
(230) 
(231) 
(232) 

(233) 



diam/v(A'^) = lim diamA?(Wj) 



< 



lim lim diam(vi/j,g„)(Wy) 
lim lim lim diam(iyj^^g,)(Wy) 

j^oo k-^co i^oo 



< lim lim lim diam(^M,gi)iW j) + Aij^k 

< lim sup lim sup lim sup Dq + Aij^k 

< Do + Aq. 



Thus by Theorem |5.2| we have 
(234) 



dr{{Wj,goo),{N',dc.)) = Fj where lim Fj - 0. 



Next we will apply Theorem 4.6 to show M\ = iWk,gca) and M2 = {M,gi) are 
close in the intrinsic flat sense by setting Ui - W j <z Wk and U2 - W j a M for 
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some well chosen j < k. Then the values in the hypothesis of the theorem are 

(235) e - eij where lim eij = 0, 

(236) Du, < dmm^M,g,){Wj)<Do 

(237) Du, < diam^Wt,g,)(Wk) < Do + Ao 

(238) a - Uij^jc < Uij - 2{D(j + A(j)aTCCOs{\ + €ijy^ /n 

(239) A - Aij^k 

(240) h = hij^k < ^AijADo + Aq + Ai^j^kl^) 

(241) h = hi,j,k < raMhj,k, yjefj + 26,-,/Do + ^o)} 
Thus 

(242) dr{{Wk,goo), (M, g,)) < (kj,k + aij,k) {iVo + 2Ao) + 2Vj. 
Combining this with ( 234 1 we have for any j < k, 

(243) driiN, goo), {M, gd) < (hj,k + aij,k) (iVo + 2Ao) + 2Vj + Fk. 
Taking the Umsup as ^ ^ oo we have 

(244) driiN, goo), {M,gi)) < limsup(;i,-j,^ + a^j.^) (2Vo + 2Ao) + 2Vy 

(245) < {hij + aij){2Vo + 2Ao) + 2Vj, 
where 

(246) hij = limsup^/y,t 



(247) < max{hij, ^efj + 2e;,/Do + Ao)}, 
and 

(248) hij = hm sup hij^t < jAijiDo + Aq + Aij/4) . 

k^oo ' 

Recall that for any fixed j, lim,-^oo eij = 0, thus lim,^oo ciij = as well. By the 
hypothesis lim sup,-^j,„ Aij = Aj so 

(249) hj = lim sup hij < jAjiDo + Aq + Aj/4) . 
Thus 

(250) lim sup driiN, ^oo), (M, gi)) < hji2Vo + 2Ao) + 2Vj V; e N. 

By the hypothesis, taking 7 ^ oo we have, 

(251) Umsup driiN, goo),iM,gi)) = 
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5.3. Codimension 2 Singular Sets. The following lemma combined with Theo- 
rem |5]2] completes the proof of Theorem 1.3 



Lemma 5.7. M compact and diam^_^(M \ 5) < oo and if S is a submanifold of 
codimension 1 then any connected precompact exhaustion, Wj, ofM\S is uniformly 
well embedded. 

Proof. I claim for fixed /, j, 

(252) Xij = lim sup Aij^k = 0. 

k—>oo 

Suppose not. 

Let Xij^k,yi,j,k c Wj achieve to supremum in the definition of Aij. 

Since Wj is compact, a subsequence as ^ — > cxj converges to Xij,yjj c Wj. Let 
yij be a minimizing geodesic between these points in M with respect to g,-. Since 
5 is a submanifold of codimension 2, we can find a curve Cij : [0, 1] — > M \ 5 
between these points such that 

(253) Lg.iCij) < dM,g,{xij,yij) + Aijl5 

by sliding y,- y over slightly to avoid S . 

Let k be chosen from the subsequence sufficiently large that 

(254) Q,/[0, 1]) c Ukd(^Oj,g,pi,j,k^ < hj/^0d(O.^g^pij^k,yij) < /l/,;/10 
Thus 

< d^o^^g_pij,k, Xij) + Lidj) + d0^^g_^(yij, yij^k) 

< Aij/lO + dM,g,ixij,yij) + Aij/5 + Aij/lO 

^ '^^i,j/5 + dM,gi{xi,j' Hj,k) + dM,gj{xij,k,yi,j,k) + dM,gi{yi,j,k,yi,j) 

< 2Aij/5 + duj,g,{xi,j, Xij^k) + dM,g,{Hj,k,yij,k) + duj,gi(yi,j,k,yi,j) 

< 3Aij/5 + dM.gi {xi,j,k , yi,j,k) 

< 3Aij/5 + du,^,gi{xij^ic,yi,j,k) - ^i,j,k 

by the choice of Xjj^k and yij^k- This is a contradiction. 
Next we must show 

(255) lim sup lim sup lim sup Aij^t ^ '^o- 

y— >cx> »co /— >C50 

Observe that 

(256) Aij^k < \j,k = diam^Wt,gi)(W j) 
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Since gi goo on Wk we know 

(257) limsup Ajjk < diam(Wt,g„)(Wj). 
We see by the exhaustion that 

(258) lim limsup Aij^k ^ diam(M\s,g„<,)(W^y) 
and SO 

(259) lim sup lim sup lim sup Aij^^ ^ diamg^(M \S). 

J— *oo k—*co /— *oo 

□ 

6. Intrinsic Flat to GH convergence 

There are occasions where one has volume controls as in Theorem 15.21 but one 
would like to obtain a Gromov-Hausdorff limit. That is not always possible. Exam- 



ple 3. 10 has no Gromov-HausdorfF limit despite satisfying the conditions of The- 



orem 



5.2 In Example 3.9 the Gromov-Hausdorff limits and intrinsic flat limits do 
not agree. However the first author and Stefan Wenger have shown in MSWlll that 
the Gromov-Hausdorff and intrinsic flat limits agree when the sequence of mani- 
folds has nonnegative Ricci curvature or a uniform contractibility function: 

Definition 6.1. A function p : [0, tq] [0, oo) is a contractibility function for a 
manifold M with metric g if every ball Bp{r) is contractible within Bp(p{r)). 

We review these results in the first subsection. 

In the second subsection, we apply the results in BSWllll on sequences of man- 



ifolds with a uniform contractibility function, proving Theorem 6.7 and Theo- 
rem |6]6l 

In the third subsection we use additional properties of of manifolds with Ricci 
curvature bounds to prove additional theorems about Gromov-Hausdorff limits in- 
spired by the techniques in HSWlll . In particular we prove Theorem 6.10 and 
Theorem ll.2[ 



6.1. Review of Convergence Theorems. First recall that Gromov proved a se- 
quence of Riemannian manifolds has a subsequence converging in the Gromov- 
Hausdorff sense if there is a uniform bound on the number of disjoint balls of 
radius r that fit in the space IIGro99ll . This lead to two compactness theorems: 

Theorem 6.2 (Gromov). | |Gro99ll A sequence of compact Riemannian manifolds, 
{Mj, gj), such that diam(My) < D and RicciMj ^ -H, has a subsequence converg- 
ing in the Gromov-Hausdorff sense to a metric space {X, d). 
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Theorem 6.3 (Greene-Petersen). IIGPV92II A sequence of compact Riemannian 
manifolds, (Mj, gj), such that Vol(Mj) < V and such that there is a uniform con- 
tractibility function, p : [0, tq] — > [0, oo), for all the Mj, has a subsequence con- 
verging in the Gromov-Hausdorff sense to a metric space {X, d). 

See Definition l6.1[ 

In liSWlOU the following theorems were proven which can be applied to deduce 
information about the Gromov-Hausdorff limit of a sequence. 

Theorem 6.4 (Sormani-Wenger). If a sequence of oriented compact Riemannian 
manifolds, (Mj, gj), such that diam(My) < D and RIccImj > and vol{Mj) > Vq 
converges in the Gromov-Hausdorff sense to (X, d), then it converges in the intrinsic 
fiat Sense to {X, d, T) (cf Theorem 4.16 of IISWllll ). 

This theorem is conjectured to hold with uniform lower bounds on Ricci curva- 
ture IISWlll . 

Theorem 6.5 (Sormani-Wenger). If a sequence of oriented compact Riemannian 
manifolds, (Mj, gj), with a uniform linear contractibility function, p : [0, oo) 
[0, oo) and a uniform upper bound on volume, Vol(My) < V, converges in the 
Gromov-Hausdorff sense to {X, d), then it converges in the intrinsic flat Sense to 
{X, d, T) (cf Theorem 4.14 of IISWllll ). 

Recall that, in general, the intrinsic flat limits and Gromov-Hausdorff limits need 



not agree [Examples |3 . 3 1 and 3.9 1 because intrinsic flat limits do not include points 



with density as in (26 1. In fact intrinsic flat limits may exist when Gromov- 



Hausdorff limits do not [Example 3.10[ 



6.2. Sequences with Uniform Contractibility Functions. Recall Definition 6.1 



Here we apply the results in BSWll l on sequences of manifolds with a uniform 



contractibility function, stating and proving Theorem 6.7 and Theorem 6.6 Recall 
Definitions O and [STTl 

Theorem 6.6. Let Mi = {M,gi) be a sequence of Riemannian manifolds with a 
uniform linear contractibility function, p, which converges smoothly away from a 
singular set, S, of codimension two. If there is a connected precompact exhaustion 
ofM\S as in (|2]) satisfying the volume conditions 

(260) No\g,{dWj) < Ao 
and 

(261) Volg,(^ \ y^j) < Vj where lim Vj - 0. 

j^oo 

then 

(262) lim dGH{Mj,N) = 

j^co 

where N is the settled and metric completion of{M \ S,goo). 
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Theorem 6.7. Let Mi = {M,gi) be a sequence of Riemannian manifolds with a 
uniform linear contractibility function, p, which converges smoothly away from 
a singular set, S . If there is a uniformly well embedded connected precompact 
exhaustion ofM \S as in (|2]) satisfying the volume conditions (260) and {261 \ then 



(263) 



lim dGHi.Mj,N) - 



where N is the settled and metric completion of{M \ S,goo)- 



Remark 6.8. Example 3.9 has no uniform linear contractibility near the singular 
set and the Gromov-Hausdorjf limit does not agree with the intrinsic flat limit. Ex- 
amples \3.10 and \3.11 also satisfy all the conditions of Theorem \6.6\ and \6. 7\ except 
the existence of a uniform linear contractibility function. They have no Gromov- 
Hausdorff limit. 

The excess volume bound in (|?]) is shown to be necessary in Example 3. 7 and 
Example\3.8\ The codimension two condition of Theorem \6. 6\ and the uniform em- 



beddedness hypothesis of Theorem 6.7 are seen to be necessary in Example 3.15 



We believe we have an example proving the necessity of the uniform bound on the 
boundary volumes, and discuss this in Remark 3.13 



Remark 6.9. It would be interesting to see whether the requirement that the con- 
tractibility function is linear is a necessary condition. One might consider adapting 
the Example by Schul and Wenger in the appendix of IISWIOI to prove this. 



Proof. By Lemma 5.6 we have 

(264) Vol(M,) < Vo. 

This combined with the uniform contractibility function allows us to apply the 
Greene-Petersen Compactness Theorem. In particular we have a uniform upper 
bound on diameter: 



(265) 



diam(M,) < Dq, 



We may now apply Theorem 5.2 to obtain 



(266) 



lim dr{Mj,N') ^0 



We then apply Theorem 6.5 to see that the flat limit and Gromov-HausdorfF limits 
agree due to the existence of the uniform linear contractibility function and the fact 
that the volume is bounded below uniformly by the smooth limit. In particular the 
metric completion and the settled completion agree. □ 



We now easily prove Theorem 6.6 



Proof. This theorem follows from Theorem 6.7 combined with Lemma 5.7 
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6.3. Ricci curvature bounded below. In this subsection we use additional prop- 
erties of of manifolds with Ricci curvature bounds to prove additional theorems 
about Gromov-Hausdorff limits inspired by the techniques in [SWl 1]. In particular 
we prove Theorem 6.10 and Theorem |1.2| Recall Definitions 1 1 . 1 [ [2| and |5 . 1 [ 

Theorem 6.10. Let Mi = {M,gi) be a sequence of Riemannian manifolds with 
uniform lower Ricci curvature bounds, 

{161) Riccig,(V, V) > (n - l)Hgi(V, V) VV e TMi 

which converges smoothly away from a singular set, S c M. If there is a uniformly 
well embedded connected precompact exhaustion of M \ S as in (|2]) satisfying the 
volume conditions, Q and then 

(268) limdGH(Mj,N)^0 

where N is the settled and metric completion of{M \ S,goo)- 

When H = this theorem is an immediate consequence of Theorem 5.2 assum- 
ing in addition that 

(269) diamM,{Wj) < Do V/ > f 

To remove these unnecessary conditions we prove the following lemma and propo- 
sition 

Lemma 6.11. Suppose we have a sequence of manifolds, Mj = {M,gj) with a 
uniform lower bound on Ricci curvature and 

(270) Vol(M^) < Vo 

converging smoothly away from a singular set to (M \ S,goo) then 

(271) diamM,(Wj) < diam(M,) < Do V/ > 

Proof. Suppose not. Let peW(zWczM\S where W is precompact and let 
qj € Mj such that dj = dj{p, qj) oo. By smooth convergence on W, there exists 
ro > such that Bp(ro) c Mj smoothly converge to a ball in a smooth Riemannian 
manifold. In particular Volj;^(Bp(''o)) > ^i- Then 

(272) Vo > Yo\{Bq{dj-ro)) 

(d — r 

(273) >_ ^^^^NoKAnn,id,-ro,dj)) 



{dj - roT 
dJ - {dj - ro)" 



(274) > . Vol(gp(ro)) 



{di - roT 
(275) > 

Imd'J-ho 

which gives a contradiction as dj ^ oo. 
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This proposition extending the results in HSWIOI : 

Proposition 6.12. Suppose we have a sequence of manifolds, Mj = {M,gj) with a 
uniform lower bound on Ricci curvature and 

(276) Vol(M^) < Vo 

converging smoothly away from a singular set to (M \ S,goo)- Suppose also that 
(M, gj) converge in the intrinsic flat sense to N' where N' is the settled completion 
of{M\S,goo). Then 

(277) dGH(Mj,N)^0 
and N = N'. 



Proof. By Lemma 6.11 diam(My) < Dq. By Gromov's Compactness theorem, we 
know that a subsequence of the Riemannian manifolds Mj = (M, gj) converge to a 
compact metric space (F, d). Thus a subsequence of the manifolds converges in the 
intrinsic flat sense to an integral current space, {X, d, T), where X (zY. 

By Theorem |5.2| and the fact that intrinsic flat limits are unique we know that 
the settled completion of (M \ 5, goo) is {X, d, T). In particular one needs no subse- 
quence to obtain the flat limit. 

In the case where the sequence of metrics has nonnegative Ricci curvature. The- 
orem 6.4 implies that X - Y.\n particular the settled completion is the metric com- 
pletion and so the Gromov-Hausdorff limit is the metric completion of (M \ S,gao) 
and no subsequence was needed. 

When the sequence of manifolds has a negative uniform lower bound on Ricci 



curvature, we may imitate the proof of Theorem 6.4 We must show that every 
y lies in the settled completion of (M \ S,gao)- 

First observe that by the smooth convergence of gj away from S , we know the 
volumes are uniformly bounded below: 

(278) Vol/My) > Vo. 

Thus we can apply the noncoUapsing theory of Cheeger-Colding IICC97II to see that 
after possibly taking another subsequence of (M, gj) we can control the volumes of 
the limit spaces balls: For all y ^Y, there exists yj € M such that 

(279) lim Vol/B,/r)) = Un{By{r)) > Voir/DT > 0, 

where By(r) c Y and "K,,, is the m dimensional volume. In particular, for j suffi- 
ciently large 

(280) Vol/B,/r)) > {Vo/2){r/Dr > 0. 
Now we choose / sufficiently large (depending on r), so that 

(281) et < iVo/4)ir/D)"\ 
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YoljiUi n B,/r)) > {Vo/4)ir/Dr > 0. 
Zr,jeUinBy^{r)cM\S. 



Then 
(282) 

Thus there exists 
(283) 
and 

(284) YoljiUi n B,J2r)) > Yolj{Ui n B,/r)). 

Since Zi-j c Ui c Ui, a subsequence of the Zrj converge to Zr,oo e Ui c Ut+i. Since 
converge smoothly to gca on ?7,+i, 

(285) VoljiUi n B,,/2r)) ^ VolUUi n B,,,„(2r)). 
Thus 

(286) YolooiUi n B.,^(2r)) > (yo/4)(r/D)"' > 



Note that by (283 1, taking the Gromov-Hausdorff limit we see that 

(287) d{zr,oo,y) < r. 

So y is in the metric completion of (M \ S,gco)- Furthermore 

(288) Vol(Bj,(3r)n(M\5)) > Vol(B/3r) n [/,) 

(289) > Yol{B,^^{2r)nUi) 

(290) > {Vo/4){r/Dr>0 

so y is in the settled completion of (M \ S,gco)- 

In particular the settled completion is the metric completion and so the Gromov- 
Hausdorff limit is the metric completion of (M \ S,gca) and no subsequence was 
needed. □ 



We may now prove Theorem 6.10 



Proof. By Lemma 6.11 diam(My) < Dq. This combined with the hypothesis Q 
and (|4]), allows us to apply Theorem 5.2 So {Mi,gi) has an intrinsic flat limit and 
that this intrinsic flat limit is the settled completion of (M \ 5, goo). By Lemma [53] 
we have (276 1. Thus by Proposition 6.12[ the Gromov-Hausdorfi" and Intrinsic Flat 
limits agree. □ 



We now prove Theorem 1.2 which was stated in the introduction: 



Proof. This theorem follows from Theorem 6. 10 combined with Lemma 5.7 



Remark 6.13. The Ricci curvature condition is necessary in Theorem 1.2 



as can 



be seen in Example 3.9 and in Examples 3.10\ and 3.11 which have no Gromov- 
Hausdorff limit. The excess volume bound in (|?]) is shown to be necessary in Exam- 
ple \3. 7\ and Example \3.8\ which has no Gromov-Hausdorff limit. All these examples 
satisfy the uniform embeddedness hypothesis of Theorem 6.10 and demonstrate the 
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necessity of these conditions in that theorem as well. We were unable to find an ex- 
ample proving the necessity of the uniform bound on the boundary volumes, Q, but 

The codimension two condition of Theorem \1.2\ and 



discuss this in Remark 3.14 



the uniform embeddedness hypothesis of Theorem 6.10 are seen to be necessary for 



their respective theorems in Example 3.15 
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